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Stiffness and Compliance Matrices 

Reciprocal relation: νxEy = νyEx 

Laminate in-plane stiffness in terms of ply stiffness [Q]: 



Ply & Laminate Stiffness Matrix & Trace 
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Transformation angle θ Transformation angle θ 

In-plane stiffness matrix Compliance matrix 

Ply stiffness matrix Ply compliance matrix 
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Input Data: Ply Stiffness and Strength 



Master Ply Stiffness: Trace Normalized  
Carbon/epoxy ply stiffness in trace normalized factors 

Qxx = Qxx* x Tr = 0.883 x 187 = 165 GPa 



Median and Coeff Var of Ex/Trace [Q] 
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E-glass/TP: 0.80; 10.1% 



*   normalized by Trace Laminates have lower cv than plies 
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*   normalized by Trace 



Transformed Components of Trace 

[0] [π/4]S [0/±45]S 

[π/4]S [0/905/452/-457]S [0/905/452/-457/core15] 

With 50% core, trace* = 7/8  

Qxx 

Qyy 

2Qss 2A66* 

A22* 

A11* 

2A66* 

A22* 

A11* 

2D66* 

D22* 

D11* 

2D66* 

D22* 

D11* 

2D66* 

D22* 

For all laminates: Tr [Q] = Tr [A*] = Tr [D*] 



 
 Need only one test: Ex /0.876 = Tr [A°] >>> factors for E1°, E2°, νx, E6°  

Zero test:  If you believe in rule of mixtures that Ex = vfEf  

Or another single test of [π/4]: E1°/0.337 = Tr [A°], … 

Normalized Master Laminate Factors 

Examples: For [0/±45], E1° = 0.377 Tr; E6° = 0.161 Tr (shear test can be avoided) 

  For C-Ply 55, Tr = 139 GPa, E1° = 0.377 x 139 = 52.4 GPa; E6° = 0.161 x 139 = 22.4 GPa 

For T800/Cytec, Tr = 183 GPa, , E1° = 0.377 x 183 = 69.0; E6° = 0.161 x 183 = 29.4 GPa 



How Many Specimens: 1 or 0 

Ef >>>>>>> Ex >>>>>>> Trace [Q] >>>>> Laminate stiffness: 
vf 0.88 



Trace-normalized Stiffness of CFRP 
[π/4] 

Example:  2(0.371 + 0.129) = 1.000 = Trace* 



Q11/Tr for CFRP 

Theta C-Ply 55 C-Ply 64 IM7/977 T8/Cytec IM7/8552 IM7/MTM Median Std dev 

0 0.87 0.87 0.88 0.90 0.90 0.90 0.889 1.3% 

15 0.77 0.77 0.78 0.79 0.79 0.79 0.784 1.0% 

30 0.53 0.53 0.53 0.53 0.53 0.54 0.533 0.4% 

45 0.28 0.28 0.28 0.27 0.27 0.27 0.275 0.2% 

60 0.12 0.12 0.11 0.11 0.11 0.11 0.113 0.5% 

75 0.06 0.07 0.05 0.06 0.05 0.05 0.056 0.6% 

90 0.06 0.06 0.05 0.05 0.05 0.04 0.049 0.6% 

Master 
ply 



Q11’/Tr  Q66’/Tr  

2% 
 
 
1% 
 
 
0% 

0.50% 
 
 
0.25% 
 
 
0.00% 

Coeff variation 

Coeff  
variation 

1.3% max 
0.4% max 

cv cv 

Transformation angle θ Transformation angle θ 

Transformed: Q11’/Tr, Q66’/Tr, & CV 

Based on 6 typical CFRP 

Q11’/Tr  Q66’/Tr  

0.6% 



Dispersion of Q11* at 0° and 90° 

C-Ply 55 
C-Ply 64 

IM7/977 
T800/Cytec 
IM7/8552 

IM7/MTM45 

IM7/MTM45 
IM7/977 
IM7/8552 

T800/Cytec 
C-Ply 64 
C-Ply 55 

Enlarged  
end view  

Transformation angle θ 
Transformation angle θ 

Median = 0.89; cv = 1.4% 

Q11* = Q11/Trace 

Transformation angle θ 

Fiber controlled 

Matrix controlled 

0 

90 



Trace in 3D of T300/N5208 
Trace [C] = C11 + C22 + C33 + 2C23 + 2C13 + 2C12 = 247 GPa 

2D trace = 206 GPa; Ratio = 247/206 = 1.2  

[C] at 0 deg 

[C] at 45 deg 

184.6 5.88 5.88 

13.94 7.06 

13.94 
3.44 

7.17 
7.17 



3D vs 2D Trace: Constant ratio of 1.2 

Less fiber, and more matrix contribution to trace:  0.877 for 2D versus 0.748 for 3D  
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Trace-based [π/4] Stiffness of CFRP 
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Average Trace for Tr + ≠ Tr - 

σ 

ε 

Higher tensile >>> Tr + 

Lower compressive >>> Tr - 

Average modulus  
      = [(Tr +) + (Tr -)]/2 



Average Value of Traces for T650 

ES = 5.15, νx = 0.316 

148.4 

149.1 

160.4 

161.1 

Four possible stiffness  
combinations leading to 

four possible traces 

Ave = 155 

Average Trace = 155 ± 4% 

Transformation angle θ 
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Measurement of Trace from E1° 

[π/4]S [(0/±30)2 
/±60/90]S 

[0/±30]T [π/6]T 

Median = 177 GPa: cv = 5.7% 

[(0/±30)2/±60/90]T 

Material: T800/AR250 = 177 (T700/AR250 = 144) 

Tr = E1°/0.337 



Tensile and Compressive E1°/Trace 

Median 0.886; cv = 2.5% Median 0.877cv = 2.4% 

Tensile Compressive 

0.886/0.877 = 1.01, or 1% difference  

Room temp dry (with   ), -50°C dry, +80°C dry and wet 
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Average Trace for Unitape and Fabric 
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Room temp dry (   ), -50°C dry, +80°C dry and wet 

Blue tip corrects difference between Tr +/- 

Unitape Fabric 

Median = 0.473; cv = 2.5%  Median = 0.882; cv = 2.5%  

Median = 127 

Median = 149 
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Trace-based E1° vs Unitape Data 

Theory 
GPa 

Data, GPa 

Ratio 

Laminate 

GPa 

Theory: E1° = 160 x 0.207 = 33.1 GPa 

Ratio: 30.0/31.9 = 0.94 



Trace-based E1° vs Fabric Data 

Theory, GPa 

Data, GPa 

Ratio 

GPa 

Theory: E1° = 119 x 0.432 = 51.4 GPa 

Ratio: 44.1/44.8 = 0.98 
Higher lamination 

efficiency 



Trace-based Lamination Efficiency 

Example:  For T650/epoxy unitape  Trace [Q] = Qxx + Qyy + 2Qss = 160 GPa = Tr [A°] 
 
For [π/4], E1° = 0.337 Tr [A] = 0.337 x 160 = 53.9 GPa   
 
NIAR data =  51.3 GPa;  Lamination efficiency: 51.3/53.9 = 0.95 
 
When laminate is perfect, the factor is 0.337.  In real laminates, defects reduced  
laminate efficiency to less than 100 percent.  Reduction for CFRP is about 5 percent  

Other laminates . . . 



Trace-based Manufacturing Efficiency 

Example:  [π/4] T650/epoxy   Laminate efficiency = 51.3/63.0*187/160 = 0.95 

A Measure of Quality of Lamination 
E1 = 187 x 0.337 = 63.0 GPa 

Other laminates . . . 



Laminate Stiffness vs Fiber Volume 

Fiber volume fraction vf 

Fraction of Trace 

E1* [0]= 0.89 

E1* [0/90] = 0.47 

E1* [π/4] = 0.37 

Normalized 
reference  

trace 

Fiber volume fraction vf 

Trace, E1°, GPa 

E1° [0] 

E1° [0/90] 

E1° [π/4] 

Trace [A*] 

ABSOLUTE NORMALIZED 
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Reference  
trace 188 

Master ply CFRP 



Laminate Stiffness vs Matrix Stiffness 

Matrix stiffness Em, GPa 

Fraction of Trace 

E1* [0] 

E1* [0/90] 

E1* [π/4] = 0.37 

Normalized 
reference  

trace 
100 percent 
Fully fiber 
controlled 

ABSOLUTE NORMALIZED 

Matrix stiffness Em, GPa 

Trace, E1°, GPa 

E1* [0] 

E1* [0/90] 

E1* [π/4] 

Trace [A*] 
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Reference  
trace 188 

50 percent 
One half fiber 

controlled 

167 

83.5 

89 percent 
Matrix fully 
degraded 

Fully fiber 
controlled: Tr = E1 

Master ply CFRP 



Trace +/-: Unitape vs Fabric = +16% 
Median = 153 GPa; cv = 7.9%  Median = 144 GPa; cv = 5.8%  

Median = 124 GPa; cv = 12%  
153/122 = 1.25 144/115 = 1.25 
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Unitape + Unitape − 

Trace of CFRP: Room temp dry, -50°C dry, +80°C dry and wet 

153/144  
= 1.062  

Fabric + 
Fabric − 

Median = 131 GPa; cv = 12%  131/124 = 1.056  

Fabric + 

153/131 = 1.167  144/124 = 1.161  



CFRP Fabric: Absolute Trace ±; E1
±/Tr 

Median = 0.467; cv = 3.7% Median = 0.467; cv = 4.2% 

Trace of 11 CFRP: Room temp dry (   ), -50°C dry, +80°C dry and wet 
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Median = 124 GPa; cv = 12%  Median = 131 GPa; cv = 12%  

Trace − Trace + 

E1* − E1* + 

Median = 0.471; cv = 2.8% Median = 0.470; cv = 2.6% RTD 

131/124 
= 1.06 



Normalized Fabric Stiffness: E1°/Trace 

0.455, 1% 

0.469, 1% 

0.473, 2% 
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Ratio                            Median, cv 

Room temp dry, low temp (-50°C) dry, high temp (+80°C) dry and wet 



Plane Elasticity & Bending Equations 

Plane elasticity: 

 

Plate bending: 

2a12 + a66 

a22 
a11 

a22 
2(A12 + 2A66) 

A11 
A22 

A11 
Trace, GPa [0/±30]; 2:0 

Homogeneity: [D*] = [A*]; [B] = 0 



Lekhnitskii’s Elasticity Solutions 

Shear                            Bending      Interference      

Key parameters: k, n                 Open hole tension 



Same Solutions for 8 CFRP’s for [0/±30] 

Median values can be used for most cases with error less than experimental 

Exact solutions from Lekhnitskii’s Anisotropic Plates 



Solutions for Different Laminates 

Median values can be used for different laminates with error less than experimental 



One Test for Trace = Multiple Solutions 

Trace 

✔ 
✔ 

✔ 
✔ 

✔ 

✔ 
✔ 

✔ 

✔ 

✔ 
✔ 

✔ 
✔ 

✔ 
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✔ 

✔ 
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✔ 

✔ 

✔ 

✔ 
✔ 

✔ 
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Hypersizer Methodology 1 

Each sub-component/element independently sized  
based on local loading conditions 



Hypersizer Methodology 2 

Ply composition of each element in terms of 
ply count of 0, ±45 nd 90 



Hypersizer Methodology 3 

Ply layup sequence to make it compatible between elements 
showing ply drop of 0, ±45 nd 90 

Note mid-plane symmetry, and complex ply drop 



Hypersizer Methodology 4 
Ply layup sequence or stacking 

showing ply drop of 0, ±45 and 90 

A manufacturing nightmare 



Laminate Design: Homogenization 

46 

n = 32 n = 36  n = 24 

[03/±45/90]3S [02/±]4S [±]12T [±]6S 

n = 24 

Degree of homogenization 

Symmetric             Asymmetric 

Fewer angles, thinner plies 

Symmetric                    Symmetric 



[A*] = [D*]; [B*] = 0 

To be homogeneous: 

[0/±45/90]rT, T800/52 

r = repeat = 2, T = total 
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repeat 
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X* = uniaxial strength 
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Asymmetric Panels Do Not Warp 

600 x 900 x 2 mm thick panel                  No warpage 

Nonstop stacking, no mid-plane symmetry 

[0
/2

5
] 1

6
T 

Bob Skillen 
VX Aerospace 



Optimized [π/4] C-Ply vs Metals 

900 mm 
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Optimum Profile 

Optimum n 

                                            

1111 N/m 

x1 

cos1.5x 

(lnx)1.25 

xn 

Weight: Metal/C-Ply 
(for same deflection) Sangwook Sihn 



Optimum Profiles for Cantilever Beams 
Sangwook Sihn 



 
 

16T  
thick ply 

16T  
regular ply 

16T thin ply 

Optimum 48-layer Thick-thin C-Ply Layup 

Laminate thickness, mm 

Beam length, m 

900 mm 

1111 N/m 

Ply thick = 0.0625mm 

Ply thick = 0.125mm 

Ply thick = 0.25mm 

• Optimum: cos1.5x 
• 48 thick-thin layers 
• >6X productivity 
• Flexible ply drop 
• No residual stress 

Horizontal 
tangent 
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Scaling by Trace for Material/Laminate 

Scale materials: same [0/±45/90]8S Scale laminates: same T300/N5208 

[0/±θ/90]8S 

[0/±θ/90]16T 

Giulio Romeo 



Scaling by Trace for Panel Buckling 
Giulio Romeo 

Nx              Nx scaled  Err, %      Ny              Ny scaled   Err, %      Nxy                   Nxy scaled  Err, %      



Unique NCF at Chomarat [0/25] 
 
 

Flip  
over 

 
[-25/0] 

Shallow angle, wide ranging thin plies,  
noninvasive stitching, hybrid, … 



Wide-range GSM to Meet Requirement 

160 

120 

  80 

  40 

    0 

Laminate  
thickness  

in mil 



Starting 
C-Ply 

 
1-axis 

2:0 
ATL: 6X 

 
2-axis 

4:2 
ATL: 4X 

 
2-axis 

2:2 
ATL: 2X 

[0/ϕ2] - Thin-Thick 
(33/67/0) – 150 gsm 

 
[0/±ϕ]2 

= [π/3]2 for ϕ = 60  
(33/67/0) 

 
[(0/±ϕ)2/(±ψ/90)]2 

Ψ = 90 - ϕ 
(22/67/11) 

 
[0/±ϕ/±ψ/90]2 

= [π/6]2 for ϕ = 30 
(17/66/17) 

 

[0/ϕ] - Thin-Thin 
(50/50/0) – 100 gsm 

 
[02/±ϕ] 

 
(50/50/0) 

 
[(02/±ϕ)2/±ψ2/902] 

Ψ = 90 - ϕ 
(33/50/17) 

 
[02/±ϕ/±ψ/902] 

= [π/4]2 for ϕ = 45 
(25/50/25) 

[02/ϕ] - Thick-Thin 
(67/33/0) – 150 gsm 

 
[04/±ϕ] 

 
(67/33/0) 

 
[(04/±ϕ)2/±ψ/904] 

Ψ = 90 - ϕ 
(44/33/22) 

 
[04/±ϕ/±ψ/904] 

Ψ = 90 - ϕ 
(33/33/33) 

Lowest Cost Layup of Thick-thin C-Ply 

4-axis ATL as unity base-line 



[0/ϕ] 
Thin-Thin 

[02/ϕ] 
Thick-Thin 

Bi-angle C-Ply:  
[0/ϕ2] 

Thin-Thick 
2:0 = [02/±ϕ] 

4:2 

2:2 

2:0 = [04/±ϕ] 

4:2 

2:2 

E6°/E1° 

E6°/E1° 

4:2 

2:0 = [0/±ϕ] 

2:2 

E6°/E1° E1°/Tr E1°/Tr E1°/Tr 

60 

π/4 

π/3 

45 

π/6 

60 45 

E2°/E1° E2°/E1° 

E2°/E1° ν21° 

ν21° 
ν21° 

[±ϕ] [±ϕ] [±ϕ] 

0.38 
0.34 

1.00 

0.30 

Master Ply Stiffness Chart 

f 

4:2 

2:2  

2:2 

2:0  



A Master Ply Design Chart: Best E1 

2:0 = [02/±ϕ] 

4:2 

2:2 

2:0 = [04/±ϕ] 

4:2 

2:2 4:2 2:2 

26 46 35 

E6°/E1° 

E6°/E1° 

[±ϕ] [±ϕ] 

B
es

t 
 

Smooth lines = trace normalized = E1*, GPa ; Dots = E6°/E1° 

31 

4:2 

2:0 = [0/±ϕ] 

2:2 

60 

π/4 
π/3 

[±ϕ] 

45 

E6°/E1° 

[0/ϕ] 
Thin-Thin 

[02/ϕ] 
Thick-Thin 

Bi-angle C-Ply:  
[0/ϕ2] 

Thin-Thick 

π/6 

22 

E1*/Tr 

E1*/Tr 

E1*/Tr 



A Master Ply Design Chart: Best G/E 

2:0 = [02/±ϕ] 

4:2 

2:2 

2:0 = [04/±ϕ] 

4:2 

2:2 4:2 2:2 

E6°/E1° 

E6°/E1° 

[±ϕ] [±ϕ] 

Smooth lines = normalized = E1*, GPa ; Dots = E6°/E1° 

4:2 

2:0 = [0/±ϕ] 

2:2 

[±ϕ] 

E6°/E1° 

[0/ϕ] 
Thin-Thin 

[02/ϕ] 
Thick-Thin 

Bi-angle C-Ply:  
[0/ϕ2] 

Thin-Thick 

Best 

34 

E1°/Tr E1°/Tr E1°/Tr 



Master Chart for C-Ply to Replace 

2:0 = [02/±ϕ] 

4:2 

2:2 4:2 

E6°/E1° 

[±ϕ] 

Smooth lines = normalized = E1*, GPa ; Dots = E6°/E1° 

4:2 

2:0 = [0/±ϕ] 

2:2 

[±ϕ] 

E6°/E1° 

[0/ϕ] 
Thin-Thin 

Bi-angle C-Ply:  
[0/ϕ2] 

Thin-Thick 

39 

Lam A: C-Ply [0/452) 
Tape: [0/±45]; 2:2 
[(0/±45)/(±45/90)] 
E1° = 26.3 (30.8, 85%) 
E6° = 25.3 (25.9, 98%) 

Lam C: C-Ply [0/39] 
Tape: [02/±39]; 4:2 
[(02/±39)2/(±51/902)] 
E1° = 58.0 (59.3, 98%) 
E6° = 17.4 (18.0, 97%) 

B 

Lam B: C-Ply [0/502] 
Tape: [0/±50]; 4:2 
[(0/±50)2/(±40/90)] 
E1° = 43.0 (43.6, 99%) 
E6° = 21.8 (22.4, 97%) 

50 

A: [0/±454/90]; B: [02/±453/90]; C: [03/±452/90] 

A 

45 

Low cost  
replacement  

C 

E1°/Tr E1°/Tr 



A Master Chart for C-Ply to Replace 

2:0 = [02/±ϕ] 

4:2 

2:2 4:2 

E6°/E1° 

[±ϕ] 

Smooth lines = normalized = E1*, GPa ; Dots = E6°/E1° 

4:2 

2:0 = [0/±ϕ] 

2:2 

[±ϕ] 

E6°/E1° 

[0/ϕ] 
Thin-Thin 

Bi-angle C-Ply:  
[0/ϕ2] 

Thin-Thick 

D 

Lam D: C-Ply [0/402] 
Tape: [0/±40]; 4:2 
[(0/±40)2/(±50/90)] 
E1° = 45.0 (46.5, 103%) 
E6° = 21.0 (21.9, 104%) 

40 

D: [01.5/±452/90]; E: [05/±452/90] 

Low cost  
replacement  

E1°/Tr E1°/Tr 

E 

Lam E: C-Ply [0/37] 
Tape: [02/±37]; 2:0 
[(02/±37)] 
E1° = 75.7 (71.6, 106%) 
E6° = 17.0 (15.3, 111%) 



Ultra-shallow-angle C-Ply: 5 ≤ ϕ ≤ 20 

Data 2:0 

[±12.5] 

X = >1,500 MPa 

Failure strain 

= 1.1 percent 

X = 820 

SCF = 1.8 

[±12.5]/hole 

No delamination 

[±12.5] [±22.5] 
2:0 

4:2 

2:2 

E1°/Tr [A°], Tr = 139 GPa 

[±ϕ] 

E6°/E1° 

2:0 

4:2 

2:2 

2:0 

4:2 

2:2 

E2°/E1° Poisson’s  
ratio N
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rm
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2:0 

4:2 

2:2 

Alan Nettles 
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Ply Strain and Stress of a Laminate 

Since ply and laminate strains 
are equal, strain-based failure 
criteria are functions of ply 
angles only, independent of ply 
composition of the laminate.  
So a strain-based criterion is 
the same for all laminates 

Ply stress various from ply to ply depending 
on the ply angles.  The stiffer ply will have 
higher ply stress. Unlike strain-based failure, 
stress-based failure tensors [F] and {F} are 
functions of not only each ply angle but also 
ply composition of the laminate. Thus each 
laminate has its own failure envelope. 
  



Ply-by-Ply vs Homogenized Plate 

RFPF    R(i) 

Romni 

E1° = 1/a11*, E2° = 1/a22*, . . . nu61° = a61*/a11* 

Homogeneous anisotropic plate: one R 

Ply-by-ply R(i) of a laminated anisotropic or orthotropic plate 

Back to the basics: many closed-form and FEM solutions easily applied;  
speed increases by n (number of plies) in model formation and stress recovery 

Anisotropic Tsai-Wu criterion: F11, . . . F16; F1, F2, F6 

R = strength ratio 
   = safety factor 



Successive Increase in Ply Angles 
C-Ply 55 [π/3]; 8.94  C-Ply 55 [π/4]; 8.85 C-Ply 55 [π/6]; 8.94 C-Ply 55 [π/8]; 8.85 

Polar Plot 
Cartesian Plot 

Transformation angle of strain envelope radii θ 

Radial strain, 10-3 



Omni Strain FPF Envelopes: C-Ply 64 

Polar angle of radial strain vector: 0 to 2π @15° increments  Ply 
angle: 
0 to 2π 
@15° 
delta 
 
 
 

Controlling ply angles 

εI° 

εII° 

Unit strain vector 

Multiple ply failures 



CFRP Omni Envelopes in Polar Plot 

C-Ply 55 C-Ply 64 

IM7/8552 

IM7/977-3 

IM7/MTM45 

T800/Cytec 

25 20 15 
FPF strain, 10-3 

Pure shear 

εI° 

εII° 



Omni Strain Envelope for T800/Cytec 

[0/90] 

[π/4] 

[0/±10] 

Omni FPF 

2X 

εI° 

εII° 

[±20] 
[±30] 

[0/±15] 

[0/±25] 

[0/±30] 

[0/±20] 
Poisson’s ratio 

A
n

gl
e,

 d
e

gr
ee

 

16.7° 

26.5° 

45.0 

56.3 
50.2 

ν = 0.3 

 
ν = 0 

ν = 1.0 

ν = 1.5 

All uniaxial tensile data can be placed on this principal strain plane 

38.7 
Poisson’s 

ratio 



Omni Strain FPF and Circle, and Tr [G] 

IM7/977 
Omni = 6.2 

IM7/8552 
Omni = 6.3 

IM7/MTM 
Omni = 5.5 

T700 C-Ply 55 
Omni = 8.0 

T700 C-Ply 64 
Omni = 6.9 

T800/Cytec 
Omni = 6.1 

Omni FPF 
Omni circle 

Tr [G] circle 

εI° 

εII° 

εI° 

εII° 



Omni Strain FPF and Circle, and Tr [G] 

IM7/977Fxy* = 0 

T650/epoxy 
Omni = 5.2 

εII° 

εI° 

εII° 

T700/2510 
Omni = 5.7 

Tr [G] circle 

IM7/8552 N 
Omni = 5.4 

T4708/MR60H 
Omni = 5.0 

Cytec/MTM45 
Omni = 5.8 

AS4/H3501 
Omni = 5.4 

Omni FPF 

εI° 

εII° 

T300/5208 
Omni = 3.6 

IM6/epoxy 
Omni = 5.0 

Tr [G] circle 

Omni circle 



T700/2510: Failure Strain of OHT/OHC  

[π/4] 

(50/40/10) 

(10/80/10) 

εII° 

Omni FPF 

Tr [G] circle: 5.5 

Omni circle:5.6 

(25/50/25)           [π/4]          -17° 
(50/40/10)    [05/±452/90]    -23° 
(10/80/10)     [0/±454/90]     -29°     

[π/4] 

θ = tan-1 ν21° 

εI° 

RTD 

ETW 



T650/epoxy: Failure Strain of OHT/OHC  

(8/84/8) 

εII° 

εI° 

Omni FPF 

Omni circle [π/4] 

(50/40/10) Omni FPF 

Tr [G] circle: 4.7 

Omni circle: 5:2 

(25/50/25)           [π/4]          -17° 
(50/40/10)    [05/±452/90]    -23° 
   (8/84/8)      [0/±455/90]     -30° 
  (50/43/7)     [07/±453/90]   -26° 

[π/4] 
θ = tan-1 ν21° 

RTD 

ETW 

(54/37/7) 



IM7/8552: Failure Strain of OHT/OHC  
εII° 

Omni FPF 

Omni circle [π/4] 

(50/40/10) 

(10/80/10) 

Omni FPF 

Tr [G] circle: 4.7 

Omni circle: 5.2 

(25/50/25)           [π/4]          -17° 
(50/40/10)    [05/±452/90]    -23° 
(10/80/10)     [0/±454/90]     -29°     

[π/4] 

θ = tan-1 ν21° 

εI° 

RTD 

ETW 



T4708/MR60H: Failure Strain OHT/OHC  
εII° 

Omni FPF 

Omni circle [π/4] 

(9/73/18) 

(55/36/9) Omni FPF 

Tr [G] circle: 5.7 

Omni circle: 5.0 

(25/50/25)           [π/4]           -17° 
 (55/36/9)      [06/±452/90]    -24° 
 (9/73/18)      [0/±454/902]    -29°     

[π/4] 

θ = tan-1 ν21° 

εI° 

RTD 

ETW 



Cytec/MTM: Failure Strain OHT/OHC  
εII° 

εI 

Omni FPF 

Omni circle [π/4] 

(9/73/18) 

[π/4] 

(10/80/10) 

Omni FPF 

Tr [G] circle: 6.0 

Omni circle: 5.8 

(25/50/25)           [π/4]          -17° 
(10/80/10)     [0/±454/90]    -29°     

[π/4] 

θ = tan-1 ν21° 

εI° 

RTD 

ETW 



Omni Circle vs Tr [G] Circle 

Omni circle strain, 10-3 

Tr
ac

e 
[G

] 
st

ra
in

, 1
--3

 

Coeff var = 15 percent 

Most common 
strain allowable 



Need only [π/4] coupons 
to define all CFRP laminates: 

1) Trace [Q] = E1°/0.337 
2) Omni circle for strain 
allowable from OHC to 

include defect and damage  

[0/ϕ] 
Thin-Thin 

[02/ϕ] 
Thick-Thin 

 [0/ϕ2] 
Thin-Thick 



Accelerated Allowable Generation 



Master Ply and its Laminates 

• Plane stress stiffness [Q] is better represented by its 
invariant trace: Qxx + Qyy + 2Qss - - a linear scaling factor 

• When normalize by trace [Q*] plies and laminates are 
insensitive among many composite plies justifying a 
master ply 

• The same invariance holds from ply to in-plane, and to 
flexure – to scale design is made easy 

• Power of bi- and tri-angle tapes can save cost through 
1- or 2-axis; increase CAI through 6-angle laminates 

• Certification of asymmetric layup and homogenization 
of composite laminates can be accelerated with fewer 
coupons, and more simulation guided by invariants 

• Recommend laminates with holes as test coupons 

 

 



Opportunities in Composites Design 

• Trust fundamental theories, like invariants for 
master ply, a one parameter for design 

• Multi-angle tape layup can achieve >2X in speed 
and 6-angle laminates while limited to 1- or 2-axis 
layup, no more 4-axis 

• Thin plies can increase toughness and 
homogenization - amenable to optimization, and 
ply angle used as a continuous variable 

• Simulation will guide tests for hot-wet, fatigue, 
CAI, damage tolerance, and micromechanics 

• Design allowable and certification can be 
simplified by testing laminates with open hole 
replacing smooth coupons of plies and laminates 
 
 
 
 



ONSITE/ONLINE	COMPOSITES
DURABILITY	WORKSHOP-19

Breakthrough	advances	that	can	sim plify	design	allowable	generation	

and	certi	ication	will	be	proposed	by	representatives	of	Stanford,	W ichita	

State	and	other	universities,	end	users,	and	FAA.		The	principles	of	

invariants,	plus	tim e-tem perature	superposition	and	m ulti-scale	

sim ulations	can	collapse	nearly	all	carbon/ polym er	com posites	to	one	

m aster	ply	and	with	scaling	one	single	test	will	suf	ice	for	each	m aterial	

system 	in	tapes,	fabrics	or	braids.		Help	in	using	tools	and	tem plates	for	

one	m aster	ply	will	be	available	during	and	after	workshop.		Recent	

advances	in	C-Ply	on	m anufacturing	and	pioneering	research	topics	will	

also	be	presented.	Registration	fee	for	on-site:	US$800;	for	on-line:	

US$400.

For	info/ registration

web.stanford.edu/group/composites/cdw19

Department	of	Aeronautics	&	Astronautics,	Stanford	University,	July	27-29,	2014

Registration	fee	includes	all	presentations,	

live	and	recorded,	all	tools	and	tem plates,	

and	a	copy	of	all-new	Composite	Materials	
Mechanics	and	Testing	–	An	Invariant-based	
Approach	by	Stephen	Tsai	and	Daniel	Melo	
(to	be	m ailed	in	quarter	4	this	year).		On-site	

registration	fee	includes	Sunday	reception,	

coffe

e

	breaks,	lunches	and	dinners,	as	well	

as	bus	transportation.		Spouse	program 	

available	for	extra	fee	of	$100.

Com posite	Materials	

Mechanics	and	Testing
An	invariant-based	approach	

STEPHEN	W .	TSAI	

JOSE		DANIEL	D.	MELO	


