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Abstract 
The mechanical properties of short fibre-reinforced polymer composites largely depend on the fibre 
orientation which drastically changes during the forming of composites. To analyse the flow-induced 
microstructures changes, we conducted 3D in situ compression experiments using model non-
Newtonian dilute fibre suspensions that were imaged by fast X-ray microtomography. In parallel, 
these experiments were numerically simulated with an Eulerian multi-domain FE code. The 
experimental evolution of the orientation and position of fibres were compared to the prediction of 
Jeffery’s model and to numerical simulation. In most cases, the Jeffery’s equation agrees well with the 
experimental and numerical data. However, for some fibres, deviations between the experimental and 
numerical results from the theoretical prediction were observed. The most probable cause of these 
deviations are flow confinement effects. 
 

1. Introduction 

 
Thanks to their specific physical and mechanical properties and cost-efficient processing, short fibre-
reinforced polymer composites are widely used to produce (semi-)structural and (multi-)functional 
components for the aeronautic, electrical and automotive industries. Their performances are related to 
their fibrous microstructure, i.e., shape, aspect ratio, concentration and orientation of fibres [1-3]. 
During processing or forming (film casting, injection moulding, compression moulding), short-fibre 
composites behave as fibre suspensions and exhibit a complex rheology. Indeed, the suspending fluids, 
which are usually non-Newtonian, flow and deform the fibrous microstructures via compaction, 
tearing and shear mechanisms, leading to complex translation, rotation and deformation of fibres. 
These phenomena severely alter the end-use properties of short-fibre composites. Unfortunately, these 
phenomena are not well characterised because of the difficulties to observe, analyse, model and 
simulate 3D evolving fibrous microstructures and deformation micro-mechanisms that occur  at the 
fibre scale within the flowing non-Newtonian suspending fluids. 
All current models which describe the kinematics of fibres in polymer composites during their forming 
are based on Jeffery’s model prediction [4]. However, this model is only valid for a single ellipsoidal 
rigid particle immersed in an infinite incompressible Newtonian fluid flowing at low Reynolds 
number. To the best of our knowledge, this pioneering work has not been extended to the case of shear 
thinning suspending fluids, i.e., one of the key features of the rheological properties of polymer 
matrices that are used in composites. For a slender ellipsoid 𝑖 the orientation of which is given by the 
unit vector 
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𝐩𝑖 = sin𝜃𝑖 cos𝜑𝑖𝐞1 + 𝑠in𝜃𝑖 sin𝜑𝑖 𝐞2 + cos𝜃𝑖𝐞3   (𝜃𝑖𝜖[0, 𝜋] and 𝜑𝑖𝜖[0,2𝜋]),         (1) 

the Jeffery’s model assumes that the velocity 𝐯𝑖 of the ellipsoid centre of mass is an affine function of 
the macroscale velocity gradient 𝛁𝐯 of the suspending fluid. In the absence of rigid body motion, the 
position 𝐱𝑖 of the centre of mass of the particle can be determined by integrating the equation: 

𝐯𝑖 =  𝛁𝐯 ⋅ 𝐱𝑖. (2) 

Besides, the evolution of the orientation the ellipsoid is predicted by integrating the following well-
known expression for the rotation of 𝐩𝑖: 

�̇�𝑖 =  𝛀 ⋅ 𝐩𝑖 +λ(𝐃 ⋅ 𝐩𝑖 − (𝐩𝑖 ⋅ 𝐃 ⋅ 𝐩𝑖)𝐩𝑖), (3) 

where 𝛀 = (𝛁𝐯−𝑡𝛁𝐯)/2 and 𝐃 = (𝛁𝐯+𝑡𝛁𝐯)/2 are the macroscale rotation rate and strain rate 
tensors, respectively, and where 𝜆 is the ellipsoid shape factor. The relevance of Jeffery’s model for 
Newtonian fluids was experimentally confirmed by several authors [5-7], mainly for shear flow using 
2D observations. Jeffery’s equation was extended for axisymmetric particles by Brenner [8]. For 
cylindrical particles of length 𝑙 and diameter 𝑑, i.e., similar to fibres that are used in composites, 𝜆 is a 
function of the fibre aspect ratio 𝑟 = 𝑙/𝑑: 

𝜆 = 1 −  
3𝐶 ln𝑟

4𝜋𝑟2
 

(4) 

where C is a constant (C=5.45), the value of which was determined by Cox [9] and Anczurowski and 
Mason [10]. 
 
Combining (i) rheometry experiments conducted in a synchrotron X-ray microtomograph and (ii) 3D 
FE numerical simulation, the objective of this study was to assess the relevance of Jeffery’s theory for 
the prediction of the flow of dilute fibre suspensions with non-Newtonian suspending fluids. 
 

2. Materials and Methods 

 

2.1.  Materials 

 
We prepared model fibre suspensions using a hydrocarbon gel (paraffin) as suspending fluid [11]. Its 
transparency enabled us to control the fibre placement during the suspension preparation. The 
viscosity of this gel was easily adjusted by varying the temperature. At 120°C, the gel behaved as a 
Newtonian fluid and its shear viscosity was about 1 Pa s. At room temperature, the gel was solid, 
which enabled us to “freeze” the fibrous microstructure of the suspensions. At 50°C, the gel exhibited 
a non-Newtonian behaviour close to that of industrial polymers used for composites: the shear 
viscosity of the gel 𝜇 followed a shear-thinning power-law, i.e., 𝜇 = 𝐾�̇�𝑛−1, where �̇� = √2𝐃: 𝐃 was 
the generalised shear rate and the power-law exponent 𝑛 = 0.2 as well as the consistency 𝐾 = 438 
Pa s

1-n
 were determined using rheometry experiments (cone-plate rheometer, Anton Paar MCR301). 

Fibres used as reinforcements were extracted from a continuous elastic fishing wires (diameter 
200 µm) which presents a sufficiently different X-ray absorption coefficient with the matrix. To 
process fibre model suspension, fibres were cut at a constant length 𝑙 from continuous wire with a 
razor blade to obtain a desired aspect ratio 𝑟 = 𝑙/𝑑  length and blunt-ended extremities. The 
suspensions were hand-made layer by layer while keeping the control of the fibre orientation. The 
process consists in picking fibres in a thin layer a solid gel with desired orientations and impregnate 
fibres with a second layer of pre-heated gel at 120°C. Suspensions were fabricated in cylindrical 
moulds (radius 7 mm, height 5 mm).  
 

2.2.  Rheometry with 3D Imaging 

 
Then, the as-prepared suspensions were compressed in a dedicated micro-rheometer which enabled 
simple compression tests at various strain and strain rates to be conducted. Heaters and thermocouples 
were installed under the compression platens so as to maintain the samples at a constant temperature 
of 45°C. The compression cell was made of PMMA, i.e., a material with a low absorption of X-rays. 
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The mechanical loading was continuously applied via a piezoelectric linear actuator. The micro-
rheometer was especially designed and mounted on the rotation stage of a synchrotron X-ray 
microtomograph (Swiss Light Source, Tomcat beamline, Villigen, Switzerland, energy of 20 keV, 
voxel size of 11 µm

3
, scanning time of 0.42 s), enabling us to take original real-time 3D images of the 

evolving microstructure of studied suspensions  during compression as shown for example in Fig. 1(a). 
Compression tests were conducted at constant compression platen velocity of 155 µm s

-1
 so as to 

reach a compression Hencky strain 𝜀33 = ln (ℎ/ℎ0) ≈ −0.45 (where ℎ0 and ℎ are the initial and 
current heights of the tested suspension, respectively). 
 

2.3.  Image Analysis 

 
Dedicated image analysis was performed on X-ray images to extract time-dependent positions and 
orientations of fibres in the suspensions. The methodology was similar to that proposed by Latil et al. 
[12]. Fibre centrelines were obtained from a skeletonisation algorithm, namely the distance-ordered 
homotopic thinning [13] implemented in the Avizo software. The shape of fibres was characterised 
with a local Frenet basis, containing the tangent, normal and binormal unit vectors defined along the 
curvilinear abscissa of fibres. The rigid motion of fibres was tracked by using a particle tracking 
algorithm based on discrete correlation distance functions [14]. This procedure enabled the evolution 
of the centre of mass 𝐱𝑒𝑥𝑝

𝑖  and the orientation 𝐩𝑒𝑥𝑝
𝑖  of each fibre 𝑖 of the suspension to be detected, as 

well as the relevance of the Jeffery’s model to be assessed: affine motion of fibre mass centre, rigid 
motion of fibres, and orientation Jeffery-based models. For that purpose, Eqs. (2-3) were numerically 
integrated using the Runge-Kutta fourth order scheme ode45 that was implemented in Matlab. Thus, 
for each fibre, the initial experimental positions of the centre of mass and orientation vectors of fibres 
were used as integration input data. Besides, it was verified that the flow was homogeneous and 
incompressible (𝛁 ⋅ 𝐯 = 0 [11]). The flow was also assumed to be rotation free (𝛀 = 0). Finally, the 
strain rate tensor 𝐃 was calculated using the actual height of the suspension ℎ which was measured 
using 3D images. 
 
 

 
 

Figure 1. 3D images of the experimental (a) and numerical (b) fibrous phase at a compression Hencky 

strain 𝜀33 of −0.2. (c) Isovalues of the local viscosity 𝜇 in a fixed (𝐞1, 𝐞2) plane. 
 

 

2.4.  Finite Element Simulations 

 
The experiments were also simulated using a Finite Element (FE) code [15] based on a multi-domain 
approach and an Immersed Volume method. This approach was implemented to embed one Eulerian 
mesh on all domains. Therefore, a level-set function was associated to each subdomain (air, 
compression platens, fluid, fibres). By using Heaviside functions, material parameters (density, 
viscosity and so on) were defined on the entire domain and led to the formulation of a multiphase 
Stokes system of equations. Velocity and pressure in the entire computational domain were computed 
with the FE method through the resolution of momentum and mass conservation equations [15]. 
However, a Lagrange multiplier linked to the rigidity condition inside fibre was added to the classical 
formulation [16].This code has already been used to study the flow of Newtonian suspensions of rigid 
fibres and spheres [16-17]. In our calculations, fibres were considered to be rigid and straight. Besides, 
in accordance with the rheology of the hydrocarbon gel, the shear viscosity of the fluid phase 𝜇 
followed a shear-thinning power-law, i.e., 𝜇 = 𝐾�̇�𝑛−1 . To run the simulations, we also added a 
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viscous layer between the suspensions and the compression platens. The viscosity 𝜇𝑙 of this layer was 
adjusted to reproduce possible friction effects, i.e., from no-slip to perfect slip boundary conditions. 
Numerical simulation was first performed only on the suspending fluid to verify the ability of the code 
to reproduce purely elongational flow for Newtonian and non-Newtonian fluids and to fit well-known 
analytical solutions [18]. Best results were obtained for air and viscous layers with viscosities 𝜇𝑎 =
𝜇𝑙 = 10−3max(𝜇) and for mould and fibre “viscosities” 𝜇𝑚 = 𝜇𝑓 = 103max(𝜇). Then, simulations 
were performed on fibre suspensions. For that purpose, the fibre descriptors that were experimentally 
determined at the initial state of compression were used as initial geometrical input data for numerical 
3D simulation. Typical simulation results are shown in Fig. 1(b-c). The numerical simulation enables 
to both compute and extract 𝐱𝑛𝑢𝑚

𝑖  and the orientation 𝐩𝑛𝑢𝑚
𝑖  of each fibre 𝑖 during suspension flow, 

and the fibre scale stress and strain rate fields. 
 

3. Results and Discussion 

 
Three experiments were conducted and their results were compared with both the theoretical and 
numerical predictions: the first tested suspension contained one fibre (𝑟 = 19.5), the second had five 
fibres (𝑟 = 12.5) and the third had eight fibres (𝑟 = 19.5). Corresponding results are shown in Figs. 2-
4 where graphs (a) and (b) give the evolution with the compression strain |𝜀33| of the orientation 
angles 𝜃𝑖 and 𝜑𝑖 of each fibre 𝑖, respectively. In addition, graphs (c) show the evolution with the 
compression strain 𝜀33 of the experimental and numerical dispersions, which were defined as Δ𝑥𝑒𝑥𝑝

𝑖 =
‖𝐱𝑒𝑥𝑝

𝑖 − 𝐱𝐽𝑒𝑓𝑓
𝑖 ‖/ℎ0 and Δ𝑥𝑛𝑢𝑚

𝑖 = ‖𝐱𝑛𝑢𝑚
𝑖 − 𝐱𝐽𝑒𝑓𝑓

𝑖 ‖/ℎ0, respectively, with respect to the affine motion 
assumption Eq.(2) of Jeffery’s theory. 
 
 

 
 

Figure 2. Compression test results obtained for a suspension containing one fibre. Experimental, 
numerical and theoretical evolutions of the angles 𝜃𝑖 (a) and 𝜑𝑖 (b) with |𝜀33|. Experimental and 

numerical evolutions of dispersions Δ𝑥𝑒𝑥𝑝
𝑖  and Δ𝑥𝑛𝑢𝑚

𝑖  with |𝜀33|. 
 

 
 

Figure 3. Simple compression test results obtained for a suspension containing five fibres. 
Experimental, numerical and theoretical evolutions of the angles 𝜃𝑖 (a) and 𝜑𝑖 (b) with |𝜀33|. 

Experimental and numerical evolutions of dispersions Δ𝑥𝑒𝑥𝑝
𝑖  and Δ𝑥𝑛𝑢𝑚

𝑖  with |𝜀33|. 
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Figure 4. Simple compression test results for a suspension containing eight fibres. Experimental, 
numerical and theoretical evolutions of the angles 𝜃𝑖 (a) and 𝜑𝑖 (b) with |𝜀33|. Experimental and 

numerical evolutions of dispersions Δ𝑥𝑒𝑥𝑝
𝑖  and Δ𝑥𝑛𝑢𝑚

𝑖  with |𝜀33|. 
 
 
The following comments can be made on these figures: 

 Regardless of the experimental conditions, fibres tended to align along the (𝐞1, 𝐞2) plane, 

perpendicular to the compression direction 𝐞3: the angles 𝜃𝑖 increased with 𝜀33 and tended to 

reach a value of 𝜋/2  (graphs (a)). In addition, the rotation of fibres in the (𝐞1, 𝐞2) plane was 

close to zero: the angles 𝜑𝑖 remained practically constant (graphs (b)). Lastly, the motion of 

the centre of mass of each fibre was rather close to the affine motion assumption: the 

experimental dispersions remained below 10% (see graphs (c)). 

 The graphs of Figs. 2-4 show the numerical predictions were in very good accordance with the 

experimental results. Indeed, predicted orientation angles fairly well fitted those that were 

experimentally recorded. Besides, departures of the translation of fibres from the affine 

solutions were very weak and followed the experimental trends (the dispersions Δ𝑥𝑛𝑢𝑚
𝑖  were 

always below Δ𝑥𝑒𝑥𝑝
𝑖 , the experimental dispersions being less accurate because of experimental 

artefacts). These results tend to validate the numerical code as a proper simulation tool to 

conduct numerical fine scale rheometry. 

 Figs. 2-4 also clearly show that most of experimental and numerical results were very well-

fitted by the Jeffery’s theory. Depsite the highly shear thinning behaviour of the suspending 

fluid, both the evolution of the fibre orientations and the fibre positions were well-captured by 

the analytical Jeffery’s estimates. Thus, two conclusions can be drawn. First, the non-

Newtonian nature of the purely viscous fluid did not have primary effects on the kinematics of 

fibres, at least for the investigated testing conditions. Second, for suspensions with several 

fibres such as those studied in Figs.3-4, where the distances between fibres were of the order 

of the fibre length 𝑙, long range hydrodynamics interactions between fibres remained weak 

and did not have any strong influence on the fibre kinematics. The slice plotted in Fig.1(c) 

higlights this point: the numerical results showed that high strain rate gradient zones were 

located in the vicinity of fibres, i.e., in zones of thicknesses close to that of the fibre diameter 

𝑑. 

 Numerical and (in a less tangible way) experimental results also showed some interesting 

effects, such as the role of flow confinement effects on the fibre kinematics. This effect was 

apparent for the fibre with pink marks in Fig. 4. Above 𝜀33 = −0.3, one extremity of this fibre 

was nearly in contact with one of the compression platens up to the end of the test. During this 

stage, both the fibre orientation and motion were affected by the platen and significantly 

deviated from Jeffery’s prediction (Fig.4 (a,c)). 
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4. Conclusion 

 

We studied the rheology of model dilute fibre suspensions with a non-Newtonian suspending fluid, by 

combining both fine scale FE numerical simulation and micro-rheometry experiments with 3D in situ 

observations of the evolving fibrous microstructures. These two methods were shown to be 

particularly well-suited to analyse fibre kinematics in these complex systems. When fibres were not in 

close contact with compression platens, we showed that Jeffery’s theory and its related affine 

assumptions led to proper estimates of the orientation and motion of fibres within the studied non-

Newtonian viscous suspensions. This interesting result must be confirmed for higher fibre 

concentrations. We also observed confinement effects when fibres were in the vicinity of compression 

platens. These effects drastically affected the fibre kinematics and should be taken into account in 

rheological models. 
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