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Abstract 

Although ultra-thin chopped carbon fiber tape reinforced thermoplastics (UT-CTT), which are a kind of 

randomly oriented strands (ROS) made by water dispersed thin tape, were successfully developed 

recently because of their high mechanical properties, test results by small specimens tend to be 

somewhat scattered. Therefore to evaluate their properties accurately, an analytical model for the mean 

value and the variance of the tensile modulus of ROS with chopped tapes has been proposed in a 

previous study. A model for the flexural modulus of ROS with chopped tapes has also been proposed 

but has not shown good agreement on account of out-of-plane shear deflection. Thus, in this study, a 

modified model was proposed and verified by comparison with experimental results. In order to obtain 

the experimental flexural modulus, both 3-point bending test and 4-point bending test were carried out. 

And each of the support span or the thickness of specimens was varied in these tests. After the 

comparison, it was found that the prediction results by the model showed good agreement with 

experimental results. This study enabled to evaluate the scatter and the effect of out-of-plane shear 

deflection without experiments.  

 

 

1. Introduction 
 

Since randomly oriented strands (ROS) are the promising materials for primary structures of mass-

produced automobiles thanks to their high mechanical properties and suitability for complex shape, a 

number of studies, such as on failure modes [1] and molding [2,3], have been conducted [4-6]. However, 

since these materials contain several centimeters of chopped carbon fiber tapes, test results by small 

specimens tend to be highly scattered [1,7]. This characteristic has made evaluating such materials 

difficult and prevented an extension of their application range. Therefore, ROS with smaller scattered 

properties had been desired and ultra-thin carbon fiber tape reinforced thermoplastics (UT-CTT), which 

are ROS manufactured by water dispersion of chopped ultra-thin prepreg, have been successfully 

developed in Japanese national project. The properties of these materials, however, follow statistical 

distributions caused by the manufacturing process, so they are more or less scattered even in UT-CTT. 

Hence in order to evaluate their properties accurately, to secure reliability and to design structures 

efficiently, a prediction model is sure to be necessary. Feraboli et al. [8] divided a specimen into regions 

and regarded a region as laminates with continuous plies. Selezneva et al. [9] modeled a 2D-FE specimen 

in which randomly placed and oriented strands are generated. In these studies though each discretized 

element could be calculated in a short time, stress-strain response was focused on and a property of a 

whole specimen was simulated by finite element method (FEM). Sato et al. [7] and Zhang [10] proposed 

a model by which an entire tensile modulus can be calculated in Monte Carlo simulation rather than 

FEM to quantify its scatter through the repeat of the calculation many times, while have not proposed a 

model for flexural modulus yet. The goal of this study is to propose a flexural model that captures the 

scatter of flexural modulus of ROS. 
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2. Analytical model 

 

2.1. Modeling process in previous study [10] 
 

In this part, the summary of a previous study by Zhang [10] will be shown. ROS with chopped tapes are 

composed of several centimeters of randomly dispersed tapes. Therefore, it is assumed that both the 

location and the orientation of each tape are given completely randomly. This characteristic causes that 

these tapes make small gaps by overlapping each other as shown in Fig. 1 (a). These gaps can be resin-

rich areas or defects and are difficult to be reproduced in simulation. However, when it is to reveal the 

statistical characteristic of macro-scale property such as flexural modulus that the main purpose is, an 

efficient analytical model which ignores these resin-rich areas and defects is more useful than a specific 

model which can acquire all overlap of tapes. Hence, in the analytical model, each tape is transformed 

to a square ply having the information of size and orientation of the tape and this square ply is laid in an 

imaginary specimen without overlapping. Exactly speaking, edge length of equivalent square ply is 

lw  where l is the length and w is the width of tape (Fig. 1 (b)). In that case, it is important that the 

number of tapes in a specimen is maintained because the area of an equivalent square ply is same to a 

tape. Moreover, the orientation angle of a tape to the global longitudinal axis, θ, is inherited to the fiber 

orientation in an equivalent square ply, while the square itself remains orthogonal to global coordinate 

system as shown in Fig. 1 (b).  

 
The global coordinate system is defined that x is the longitudinal axis, y is the transverse axis and z is 

the out-of-plane axis. The flexural modulus along x-axis of an equivalent square ply is calculated as 

follows:  
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where 1E  and 2E  are the Young’s moduli of 0  direction and 90  direction, 12  is the Poisson’s ratio 

and 12G  is the in-plane shear modulus of a unidirectional (UD) tape. Furthermore, the relation between 

stress and strain can be expressed using a stiffness matrix  ijCC  as below: 
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The equivalent square plies are compounded to make an imaginary specimen. The compounding process 

is conducted along z-axis, y-axis and x-axis, and finally the flexural modulus along x-axis is obtained. 

 

 

 
 

Fig. 1 Assumption in modeling [10]. 
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2.2. Modified model for flexural modulus 

 

2.2.1. Modified 3-point bending model 

 

The model for 3-point bending proposed by Zhang didn’t show good agreement with experimental 

results [10]. Generally speaking, out-of-plane shear deflection appears in 3-point bending and it is added 

to bending deflection. Thus, the conventional model for flexural modulus is modified to quantify the 

effect of shear deflection.  

 

The mid-span deflection in 3-point bending   is described as follows: 
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where P is the applied force, 1E  is the pure flexural modulus, I is the moment of inertia of area, A is the 

sectional area and 13G  is the out-of-plane shear modulus. The first term expresses bending deflection 

1  and the second term expresses out-of-plane shear deflection 13 . Since elastic modulus is 

proportional to the reciprocal of deflection, the flexural modulus for 3-point bending bE  is given by 
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The conventional model outputs the pure flexural modulus because it assumes the pure bending 

condition without shear deflection. Hence, in the modified model, bE  is calculated by the equation (4) 

after the calculation of 1E . Even though 13G  is somewhat scattered, it is inferred that the scatter is much 

smaller than that of 1E  so 13G  can be considered the constant.  
 

2.2.2. 4-point bending model 

 

Two types of bending test, that is, 3-point and 4-point bending test, are widely used to estimate some 

mechanical properties. As mentioned above, the out-of-plane shear deflection causes an underestimation 

of flexural modulus and this effects is larger in 3-point bending than in 4-point bending. Therefore, a 

new model for 4-point bending will be proposed. The load span is determined as 2/L . 

 

The calculation process is almost same to 3-point bending. The process of compounding equivalent 

square plies is conducted along z-axis, y-axis and x-axis. The second step makes a part aligned in a row 

and the third step will be explained as follows. In 4-point bending, the beam can be divided into two 

parts which can be regarded as cantilevers of which force 2/P  is applied at the end and center, as shown 

in Fig. 2. There are two loads and it results that the elastic curve equation isn’t determined uniquely 

because the bending moment is proportional to x in 4/0 Lx   while it is constant in 2/4/ LxL  . 

A solution to this problem is to divide a cantilever into two parts again. Two types of elastic curve 

equation are solved in each condition and these solutions are combined by the boundary condition at 

4/Lx  . Two equations are described as follows: 
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The elastic modulus of the cantilever can be obtained by solving the above. 
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where )( jC  is defined as 
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iC  is defined as 
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Finally, flexural modulus along x-axis 1E  is calculated by 
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Moreover, to reproduce the effect of out-of-plane shear deflection, the following expression is added 

after the calculation of 1E .  
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Fig. 2 Half specimen regarded as a cantilever. 

 

 

2.3. Monte Carlo simulation 

 

These models were constructed by using Monte Carlo simulation in C programing. An orientation angle 

of an equivalent square ply θ is generated with a random number in the simulations. The plies which 

have different θ are compounded. The mean   and variance 
2  of the flexural modulus can be given 

by repeating this process n times. The inputs are elastic properties of UD tape: 1E , 2E , 12  and 12G , 

13G  of UT-CTT; dimension of tape: t, w and l; and dimension of specimen: T, W and L. Elastic properties 

used for simulation are listed in Table 1. The material is CF/PA6 (polyamide 6) but details will be shown 

in the next section. Elastic properties of unidirectional material are used as those of CF tape. Specifically, 

1E , 2E  and 12  were measured by tensile tests based on ASTM D3039 [11], while 12G  was measured 

by tensile tests of ± 45  laminates based on ASTM D3518 [12]. 13G  was estimated with the method 

proposed by Yamashita et al. [13]. The dimension of tape is fixed as t = 0.044, w = 5 and l = 18 mm in 

this paper because it was reported that tensile strength is saturated at such aspect ratio of tape [14]. The 

dimension of specimen is determined by test conditions. This simulation takes just a few seconds with 

a general PC even large n, such as ten thousand order.  
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Table 1 Elastic properties used in simulation. 

 

CF/PA6 

CF UD tape  UT-CTT 

E1 E2 ν12 G12  G13 

[GPa] [GPa]  [GPa]  [GPa] 

125.6 8.0 0.35 3.0 
 

1.11 

 

 

3. Experiment 

 

3.1. Material fabrication 

 

Prepared ultra-thin prepreg sheet was produced by tow spreading technology [15], which enables the 

fabrication of the quite thin prepreg, at Industrial Technology Center of Fukui Prefecture. In this study, 

the fiber and matrix resin were polyacrylonitrile (PAN) – based CF (TR50S, Mitsubishi Rayon Co. Ltd.) 

and PA6 (Diamiron C®, Mitsubishi Plastics Co. Ltd.), respectively. The thickness of the prepreg was 

approximately 44 µm and fV  was 55%. It was chopped into mm 18mm 5   tapes and they were 

dispersed by wet dispersion process. The material was manufactured by compression molding of these 

dispersed tapes. Details of this manufacturing process can be viewed in previous studies[16,17]. 
 

 

3.2. Bending test 

 

The image of experiment is as shown in Fig. 3. A group of specimens with same specimen thickness, 

which includes 6 specimens, was prepared. The flexural modulus of each specimen was measured and 

the mean value and coefficient of variation (CoV) were calculated. Then some groups with various 

thickness were also prepared. Finally, these mean values and CoV of flexural modulus were compared 

with results from simulation by analytical models.  

 

The test condition is summarized in Table 2. The dimension of tape was fixed as 0.044 μm in thickness, 

5 mm in width and 18 mm in length. Specimen thickness and support span were varied, while width was 

fixed as 35 mm. Flexural modulus was measured by 3-point bending test and 4-point bending test at a 

strain rate of 1.0 mm/min.  

 

 

 
 

Fig. 3 Image of experimental validation. 
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Table 2 Specimens and test conditions. 

 

 Support span [mm] 

 40 60 80 

Specimen 

thickness 

[mm] 

0.47 
 Dimension of tape is fixed as t = 0.044, w = 5 

and l = 18 mm 

 Specimen width is fixed as 35 mm. 

 Number of specimens is fixed as 6. 

 Both 3-point and 4-point bending test 

0.79 

1.08 

1.58 

2.02 

2.89 

 

 

4. Results and discussion 

 

Figs. 4 and 5 show the test results. The subscript “calc” and “exp” mean calculation and experiment, 

respectively. A variable p is the average number of plies, defined as tTp / . The simulation results 

showed good agreement with experiment and most of mean values of experimental flexural modulus 

were distributed within  1  range. Flexural modulus was increasing in thin specimen range, while it 

dropped as the effect of out-of-plane shear deflection became larger. This trend was stronger in short 

support span. This is because the effect is a function of span-thickness ratio TL /  as expression (4) or 

(11), so it is cleared that test conditions must be considered carefully in bending test of the material with 

low out-of-plane shear modulus such as UT-CTT. In addition, flexural modulus from 4-point bending 

was slightly larger than that from 3-point bending, but no significant difference. Therefore, in the case 

of modulus, 4-point bending test is not much more appropriate than 3-point bending test.  
 

To quantitatively validate models proposed in this study hypothesis testing was performed: The t-test 

for mean value with the null hypothesis calcexp EEH :0  and the 2 -test for variance with 
22

0 : calcexpH   . The significant level was 01.0 . About mean value, the null hypothesis was 

accepted except for mm 89.2 ,mm 40  TL  and mm 02.2 ,mm 80  TL  in 3-point bending. It was 

inferred that TL / was so small in the former condition that compression deflection was appeared in 

addition to bending deflection and out-of-plane deflection because there is stress concentration at the 

center of the beam in 3-point bending. As for the latter, extremely small CoV probably caused the null 

hypothesis to be rejected. On the other hand, the null hypothesis was accepted in all conditions about 

variance. These results of hypothesis testing revealed that the models for flexural modulus show very 

good agreement with experiment. 
 

 

  
 

Fig. 4 Results of bending test: L = 40 (left: 3-point bending, right: 4-point bending). 
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Fig. 5 Results of bending test: L = 80 (left: 3-point bending, right: 4-point bending). 

 

 

5. Conclusion 

 

UT-CTT, a kind of ROS, is one of the promising material for primary structure of mass-produced 

automobiles because of its high mechanical properties and suitability for complex shape. However, the 

relatively large scatter of this material and the low out-of-plane modulus have made it difficult to 

evaluate properties of actual structures accurately. Thus we discussed about flexural modulus to quantify 

its scatter and effect of out-of-plane deflection and concluded the following. 

 The flexural model of ROS with chopped carbon fiber tapes was constructed as Monte Carlo 

simulation in two types, 3-point bending and 4-point bending. This simulation outputs a mean value 

and variance of flexural modulus and is so simple that it takes just a few seconds with a general PC. 

The prediction results showed good agreement with experiments except for in too short support 

span and a series of hypothesis testing validated the models. 

 In too short support span such as 40L   mm, it was inferred that TL /  was so small that 

compression deflection was appeared in 3-point bending and it made simulations disagree with 

experiments. Concerning the scatter of elastic properties, there are very small differences between 

4-point bending test and 3-point bending test although the scatter of the elastic properties of ROS 

are decided by the number of strands and strain distribution in a measuring volume. However, 4-

point bending test is possible to be useful to obtain the flexural strength of ROS because the scatter 

of the flexural strength is decided by the number of strands and strain distribution in a measuring 

surface. 

The scatter of flexural modulus was quantified under appearance of out-of-plane shear deflection in this 

study. It is quite useful for design which took the uncertainty of mechanical properties into consideration. 

On the other hand, this model assumes no overlap conditions so properties of ROS without water 

dispersion, in which there can be some waviness, should be concerned in the future work. 
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