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Abstract
Fibre–matrix interface debond onset and growth in a bundle of fibres are studied numerically. A fibre
bundle subjected to far field biaxial transverse loads is considered. The Linear Elastic–Brittle Interface
Model (LEBIM) is used to model the fibre–matrix interface cracks behaviour. The model of an actual
unidirectional lamina includes ten fibres embedded in a matrix cell whose external dimensions were
much larger than the fibre radius. Similar results were previously obtained for the single fibre model by
the authors. The novelty of the present model based on the LEBIM formulation lies in its ability to make
quantitative predictions about the concurrent fibre–matrix debond onset and mixed–mode interface crack
growth in a fibre bundle. The prediction of the failure loads (critical loads) producing the first debond
onset in a small fibre bundle is one the aims of the present work. Results also verify the unstable growth
of subsequent debonds under transverse loads. Some aspects of the failure mechanisms of an actual
composite material under transverse loads are elucidated by studying the effect of the load biaxility in
this simplified problem.

1. Introduction

At the microscale, the level of interaction between fibres and matrix, the role of interfaces and interphases
is well recognized, see [1–3] and references therein. It is well known that the interfaces between the
constituents of composite materials play a significant role in failure mechanisms [4–7]. Experimental,
numerical and semi-analytical studies of the inter-fibre failure (also called matrix failure) of a single fibre
embedded in a matrix under biaxial transverse loads developed by the present authors and coworkers
can be found in [3, 8–12]. These works show the influence of a secondary transverse load (tension or
compression) applied perpendicularly to the primary transverse tension (thus creating a biaxial state) on
the generation of the damage dominated by the primary transverse tension.

The collocational Boundary Element Method (BEM) and Linear Elastic – (perfectly) Brittle Interface
Model (LEBIM) are used to study and characterize the behaviour of the fibre-matrix interface in [2,
3, 13]. In these works failure curves in which both tensile and compressive loads are considered are
obtained for a single fibre model and a ten-fibre model.

Although, several works have been devoted to study the fibre-matrix interface debond problem, there
are still some open issues regarding it. In the present work, the BEM is applied to obtain a numerical
solution for a sequence of fibre-matrix interface crack onsets and growths at different fibres in the above
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mentioned problem. The numerical results include a study of the positions where the first debond occurs
in the fibre-matrix system, which will have a great influence on the final macro–crack path shape.

2. LEBIM

The continuous spring distribution that models an elastic layer (interphase) along a fibre-matrix interface
is governed by the following simple linear elastic-(perfectly) brittle law1 written at an interface point x:

Linear Elastic
interface (undamaged)

{
σ(x) = knδn(x),
τ(x) = ktδt(x),

G(x) < Gc(ψ(x)),

Broken
interface

{
σ(x) = kn〈δn(x)〉−,
τ(x) = 0.

(1)

where σ(x) and τ(x) are, respectively, the normal and tangential components of the tractions in the
elastic layer along the interface, δn(x) and δt(x) are, respectively, the normal and tangential relative
displacements between opposite interface points. kn and kt denote the normal and tangential stiffnesses
of the spring distribution. It is assumed that the crack tip at x advances (or the interface breaks at point x)
when the corresponding Energy Release rate (ERR) G(x) reaches the critical ERR value Gc(ψ(x)), that
is G(x) = Gc(ψ(x)), where tan2 ψ =

GII
GI

for GI > 0. The extended energetic fracture-mode-mixity angle
ψ is defined by, see [3]:

tanψ =

√
ξ−1 tanψσ =

√
ξ tanψu, (2)

where ξ = kt/kn, tanψσ = τ/σ and tanψu = δt/δn, ψσ and ψu being the stress and relative displacement
based fracture-mode-mixity angles, respectively. The ERR of the linear elastic interface at a point x is
defined as, cf. [3, 14–17]: G(x) = GI(x) + GII(x), with

GI(x) =
σ(x)〈δn(x)〉+

2
, GII(x) =

τ(x)δt(x)
2

, (3)

verifying GI = 0 for δn ≤ 0. The functional dependence of Gc on the fracture-mode-mixity angle ψ is
defined similarly as in [18] with a slight modification [3] as follows,

Gc = GIc[1 + tan2((1 − λ)ψ)], (4)

where

GIc =
σ̄cδ̄nc

2
=
σ̄2

c

2kn
=

knδ̄
2
nc

2
(5)

corresponds to the fracture energy in pure opening mode I. λ is a fracture-mode-sensitivity parameter
(usually obtained from the best fit of experimental results), σ̄c > 0 and δ̄nc > 0 are the critical normal
component of traction and normal relative displacement in mode I, i.e. σ̄c = knδ̄nc = σc(ψ = 0) and
δ̄nc = δnc(ψ = 0).

In summary, LEBIM needs the input of four independent variables: σ̄c, GIc, ξ and λ. Typical range
0.2 ≤ λ ≤ 0.3 characterizes interfaces with moderately strong fracture-mode-dependence [18]. Further
details on the deduction of the above criterion are presented in [2, 3, 13].

1The positive and negative part of a real number δ are defined in the present work as 〈δ〉± = 1
2 (δ ± |δ|). 〈·〉+ is also referred

to as Macaulay brackets or ramp function.
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3. Ten-fibre problem

3.1. Description of the problem

The problem of a bundle of ten circular inclusions with radius a, embedded in an infinite (very large)
matrix, is numerically solved. The position of the fibres corresponds to a randomly selected portion of an
actual glass fibre composite micrograph [13], see Figure 1. Both the inclusions and matrix are considered
as linear elastic isotropic materials. A plane strain state is assumed in this bimaterial system. Let (x, y)
be the cartesian coordinates. The uniform remote loads σ∞x and σ∞y are parallel to the x-axis (horizontal)
and y-axis (vertical), respectively. Different values of the load biaxiality ratio [3, 13]:

χ =
σ∞x + σ∞y

2 max{|σ∞x |, |σ∞y |}
, (6)

are considered, with χ = −0.5 defining pure compression in one direction, χ = 0 equibiaxial tension-
compression (pure shear), χ = 0.5 pure tension in one direction, and χ = 1 equibiaxial tension. Values
of χ in the interval −0.5 ≤ χ ≤ 1 are considered hereinafter.

1

2
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8
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10
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σy∞

σy∞

Large matrix

Figure 1. Selected fibres obtained from a glass fibre composite micrograph and far field transverse loads.

Remote loads σ∞x and σ∞y are applied along the sides of a large square matrix that surrounds the fibres
located approximately at the centre of the square. In order to see the influence of the random positions
of the fibres, the bundle of fibres has been rotated by angles 15◦, 30◦, 45◦, 60◦ and 75◦ with respect to
the x-axis,

3.2. Model of the problem

A typical bimaterial system among fibre reinforced composite materials is chosen for this study: epoxy
matrix (m) and glass fibre ( f ). The elastic properties of the matrix and fibre are Em = 2.79 GPa, νm =

0.33, E f = 70.8 GPa and ν f = 0.22. The fibre-matrix interface fracture toughness in mode I and critical
tension of the interface assumed in the present work are respectively: GIc = 2 Jm−2 and σ̄c = 90 MPa. A
fixed relation between kn and kt (ξ = 0.25) is chosen. The fracture-mode-sensitivity parameter is defined
as λ = 0.25.

After the initial condition of the undamaged interfaces, a linear analysis is carried out to calculate which
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interface node (spring) reaches first its critical ERR value. This linear analysis will be the first step and
the calculated critical load causes the onset of the first debond at some fibre-matrix interface. Then, the
solution algorithm makes a sequence of similar linear analyses where the interface points (springs) that
had reached the critical value in the previous step switch their interface condition (from undamaged to
broken springs). Each linear analysis becomes a new step and its critical load corresponds to the load
that causes a new debond growth or onset. This procedure is usually called as Sequential Linear Analysis
(SLA) [3].

The 2D BEM model represents ten circular inclusions, see Figure 1, with radius a =7.5 µm inside a
relatively large square matrix with a 1 mm side (2` = 1mm). 3632 continuous linear boundary elements
are used: 32 elements for the external boundary of the matrix cell and two uniform meshes (for each
fibre) of 180 elements to model each fibre-matrix interface (therefore, the polar angle of each element at
the interface is 2◦).

4. Numerical Results

4.1. Behaviour of the debonds

Figure 2(a), shows the values of the normalized far-field load needed for the first debond onset (first step)
and the load needed in each subsequent step to produce either a debond growth or an onset of a new
debond. The cases shown are χ = 0 (equibiaxial state of tension in the y-direction and compresion in the
x-direction – TC), χ = 0.5 (uniaxial tension in the y-direction – T) and χ = 1 (equibiaxial tension – TT)
with no rotation of the bundle of fibres with respect to the coordinate system (red, blue and green lines,
respectively). The (first) critical loads σ∞cy (critical load in the y-direction) are indicated by dotted lines.
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Figure 2. (a) Far-field load σ∞y (for σ∞y ≥ σ∞x ) needed in each step to produce either a debond onset
or debond growth for χ = 0, 0.5 and 1. Each step essentially corresponds to the extension of the total
cracked interface length by 2◦. (b) Load biaxility effect on the first critical remote loads σ∞cx and σ∞cy.

As shown in Figure 2(a) three different kind of curves may be obtained, roughly speaking. The first one
(red, for χ = 0 – TC) shows that after an unstable growth of a debond, a larger load is necessary to
produce a subsequent debond. It can be said that the fracture process of subsequent debond onsets from
fibre to fibre is “globally stable”. In the second kind of curve (blue, for χ = 0.5 – T) a very similar load is
necessary to produce a subsequent debond. Thus, the fracture process of subsequent debond onsets from
fibre to fibre is “globally in neutral equilibrium”. Finally, in the third kind of curve (green, for χ = 1
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– TT) the first critical load, σ∞cy (load necessary to produce the first debond), and the corresponding
σ∞cx, produces not only the first fibre debond but it also produces several subsequent fibre debonds, since
significantly lower loads are needed to produce these debonds. Thus, the fracture process of subsequent
debond onsets from fibre to fibre is “globally unstable” [13].

From all the cases solved numerically for different values of the biaxiality ratio χ and different rotations
of the fibre bundle, it is possible to study the biaxility effect on the first critical remote loads (in both
directions), see Figure 2(b). The average load is shown as the continuous line, while the scatter obtained
(minimum and maximum load values) is represented by the markers [13]. It is also interesting to notice
that according to Figure 2(b), the most critical (dangerous) biaxial condition is reached for χ = 0 (TC
case), where the minimum values of σ∞c are obtained (with σ∞c = max{|σ∞cx|, |σ

∞
cy|}), in accordance to

previous experimental results by Parı́s et. al. [8]. Other noticeable information is the large value of load
needed to cause the debonds when χ = −0.5 (C case).

4.2. Position of the first crack onset

Several parametric studies regarding a single fibre configuration subjected to different biaxial loading
cases (varying χ) were presented in [3]. In that study, it was shown that for lower values of χ the
position, where the debond onset occurs, changes. The onset position was measured by means of the
angle θ0, which is defined as the angle between the radius where the onset is produced and direction of
the maximum principal remote stress σ∞I , see Figure 3(a). For the interface properties used in the present
study θ0 = 0◦ for χ & −0.4 values, see Figure 4. Thus, it can be concluded that if an isolated fibre is
considered θ0 tends to zero for most of the biaxial cases.

σI∞σI∞ 



r

(a) (b)

Figure 3. (a) Definition of angles α and θ0 in a critical pair of fibres. (b) Deformed shape at the scale
of the fibres multiplied by a factor of two, for χ = 0.5(T), corresponding to step number 62 marked with
letter A in Figure 2(a).

In the presence of more fibres as is the case of the present study, there are additional parameters that
may influence the position where the debond onset occurs [13]. Some of this parameters are the distance
between neighbour fibres d, and the angle α given by the line joining two fibre centres and the direction
of maximum principal remote stress σ∞I , see Figure 3(a). The first debond usually occurs at one fibre of
a pair of neighbouring fibres with low values of d and α, this pair of fibres is referred as critical pair [13].
In Figure 3(b), the deformed shape at the scale of the fibres multiplied by a factor of two, for χ = 0.5(T),
corresponding to step number 62 marked with letter A in Figure 2(a) is presented.

In Figure 4(a), the load biaxility effect on the angles α and θ0 is depicted. θ0 values for the single fibre
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Figure 4. (a) Load biaxility effect on α and θ0 for the 10-fibre problem and θ0 for the single fibre problem
[3]. (b) Load biaxility effect on the relative distance between the critical pair of fibres.

problem are also plotted for comparison purposes. Results show that the angle θ0 is not influenced by
the different biaxial loading cases as was for the single fibre case and a scattering occurs for every case.
It is interesting to notice that α values seem to be very similar to θ0 values, both being always lower than
18◦. In Figure 4(b), the biaxility effect on the relative distance d/r is presented. Similarly as for the
angle θ0, d is not influenced by the different biaxial loading cases as a quite uniform scatter of its values
is observed. Results show that the distances between fibres in a critical pair are always lower than 30%
of the fibre radius.

In Figure 5(a), α values are plotted versus θ0 values. The trend line shows a strong correlation between
α and θ0 values, actually these values are almost identical. Some of the observed differences may be
explained by the discretization used to model the fibre-matrix interface (the element size is 2◦), while θ0
must correspond to a boundary element node, α may take any value. Finally, the influence of the distance
d in a critical pair on the relative position of the fibres (given by the angle α) is presented in Figure 5(b).
Although the scatter of the α values is high, it seems that for lower values of d larger values of α can be
obtained, while for larger values of d smaller values of α are needed.
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Figure 5. (a) Correlation between the values of angles α and θ0. (b) The angle α versus the relative
distance between the critical pair of fibres d.
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These results show that the most important parameter for the debond onset position θ0 in a fibre bundle
becomes the configuration of a critical pair (given by the parameters d and α).

The value of θ0 is very important as the debond growth occurs in a quite symmetrical manner. Thus, the
position of the crack onset seems to have a great influence on the final macro–crack path shape.

5. Conclusion

A Linear Elastic-Brittle Interface Model (LEBIM) has been used to characterize the concurrent onset
and growth of debonds in a fibre bundle embedded in an infinite matrix subjected to far field biaxial
transverse loads. The problem of ten circular inclusions under biaxial transverse loading assuming ma-
terial properties of a common composite material (glass fibre and epoxy matrix) and the LEBIM has
been solved by the collocational BEM, which is very suitable for solving problems with nonlinearities at
interfaces.

From the numerical results presented it can be seen that, after reaching a critical load, the interface crack
growth at a fibre becomes unstable. A series of peaks and valleys appear in the plot of the applied load
versus the total fracture path length, each one corresponding to a fibre debond. The sequence of the
obtained debonds clearly tends to form a macro-crack if the coalescence of these interface cracks may
occur.

After reaching the critical load, more than one debond is produced in some cases for the same load, while
in the other cases a larger load is necessary to produce the following debonds. In the latter cases, the
critical load value for the first debond onset gives just an approximation from below of the failure load in
the problem under study (the load necessary to produce a macro-crack). The critical loads σ∞cx and σ∞cy
(the ones producing the first debond) seem to be related with the relative proximity between fibres taking
into account the load direction (the direction of maximum principal remote stress σ∞I ). Thus, the failure
load values are lower for the fibre bundle than for the single fibre model. A study of the influence of the
load biaxiality ratio χ has also been carried out. The numerical results show that compressions in the
x-direction enable crack onset for lower tension loads in the y-direction. The presence of tensions in the
x-direction implies that larger loads in the y-direction are required to cause crack onset. The most critical
condition seems to appear for χ = 0 (equibiaxial tension-compresion case also known as pure shear).

The present numerical results confirm the conclusions of the previous studies of fibre-matrix debond
under biaxial transverse loading in [8–11]. The novelty of the present model based on the LEBIM
formulation consists in its capability of quantitative predictions about the concurrent fibre-matrix debond
onset and mixed-mode interface crack growth in a fibre bundle.
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