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Abstract 
The paper deals with the modelling of self-heating test to ensure the fast fatigue limit estimation for 
woven composite materials. To measure the material self-heating, the intrinsic dissipation is calculated 
by the collaborative model. This model is able to represent the elastoplastic damage composite 
behavior as well as the viscoelastic phenomena such as the appearance of hysteresis loops and the 
strain-rate sensitivity. The dissipation due to the in-ply damage propagation, the material hardening 
and the viscoelastic effects is precisely calculated.  
 
 
1. Introduction 
 
The intensive use of composite materials in industrial applications, especially in the naval and the 
aeronautic sectors, requires the deep analysis of the materials’ durability. The composites are 
anisotropic and heterogeneous materials. The classical S-N fatigue test, which consists of the 
application of large number of cycles, elevates the time and resource costs. A method based on the 
self-heating tests has been developed [1] to provide the fast fatigue limit identification for the 
composite materials compared to conventional methods (S-N curves). The self-heating method 
consists of applying a sequence of constant amplitude cyclic loading blocks. The stabilized 
temperature of the composite specimen is measured during each block. When the value of the 
stabilized temperature increases significantly, it is considered that the fatigue limit is attainted. The 
experimental results of the self-heating method are in good agreement with the conventional fatigue 
tests (Wöhler curve). The numerical simulation of self-heating test would simplify the analysis and 
increase the potential of the experimental method. The full thermo-mechanical material analysis is 
required for this. The collaborative model [2] is a good tool to calculate the intrinsic dissipation which 
leads to the material heating.  
 
The collaborative model is composed of two sub-models. The first one is the elastoplastic damage 
model [3-5] which deals during loading path. The second sub-model describes the hysteresis behavior 
using a fractional derivative law during unloading path. Both sub-models are strain-rate dependent and 
can be applied for the dynamic problems. The collaborative model has been successfully applied to 
represent thermoset and thermoplastic composite material response under cyclic loading. The 
dissipation of internal energy due to different phenomena can be easily calculated by the collaborative 
model. 
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2. Thermodynamic problem 
 
In order to determine the fatigue limit using self-heating method, the thermodynamic stationary 
problem (Eq.1) should be resolved with the corresponding limit conditions (Fig. 1). We consider that 
specimen is placed between two jaws at different temperatures. The two useful areas are subjected to 
natural convection. The radiation heat loss is neglected.  

⎩
⎪
⎨

⎪
⎧ 푑푖푣(푞⃗) − 푆 = 0

푞⃗ = −휆푔푟푎푑⃗푇
푞⃗ ∙ 푛⃗ = ℎ(푇 − 푇 )
푇| = 푇
푇| = 푇

 (1) 

where 푞⃗ is a heat flux, 푆 is a heat source associated with the visco-elastoplastic damage material 
behavior, 푇  is an ambient temperature, 푇 , 푇  are temperatures of the top and the low jaws 
respectively. 
 
To model the internal source 푆 and to determine the material self-heating, a collaborative model is 
developed.    
 
 

 
 

Figure 1. Thermodynamic problem limit conditions  
 
 
3. Collaborative model 
 
The collaborative model will be developed for the carbon/epoxy woven composite. The fabric is 
considered to be perfectly balanced and thus the longitudinal and transverse behaviors are considered 
to be equivalent. Typically, the experimental tests show an elastic brittle response in longitudinal 
(transverse) direction. However, shear behavior has a non-linear character [4-6]. The irreversible 
strains, the in-ply damage (which is observed from a regular decrease of shear modulus) and the 
hysteresis loops are presented in the stress-strain curve (Fig. 2). 
 
The collaborative model is developed to represent the elastoplastic damage behavior as well as the 
hysteresis loops for elementary ply of composite fabrics under cyclic loading. This model is composed 
of two sub-models. The first one deals with the elastoplastic damage behavior during material loading 
and the second sub-model describes the hysteresis behavior using a fractional derivative law. The 
constitutive equations are deduced within the framework of irreversible thermodynamics processes 
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using the local state method [7] under a state of plane stress. Subscripts 1 and 2 represent the warp and 
the weft directions, respectively.  
Within the framework of thermodynamic irreversible theory, we choose Helmholtz potential 
depending on the internal variables [7]: 

휌휓 = 휌휓(휺 , 	푑 ,푝) (2) 

where 휺 , 푑 , 푝 are internal variables introduced to represent elastic strains, damage in the orthotropic 
directions and cumulated plasticity respectively. 
 
To establish constitutive equations and to calculate the energy dissipation we use the Clausius-Duhem 
inequality: 

휎휀̇ − 휌휓̇ ≥ 0 (3) 

 
 

 
 

Figure 2. Experimental shear stress-strain curve for the carbon/epoxy composite  
 
 
3.1.  Behavior modelling during loading path 
 
During the loading path, the following hypothesis is considered: 

휺̇ = 휺̇ + 휺̇ , 휺̇ = 0 (4) 

Following the second principal of thermodynamics, constitutive equations are deduced from the 
Helmholtz potential 휌휓 (Eq.2). The stress-strain relation is: 

 흈 = 휌
휺

⟹ 

휎
휎
√2휎

=
(1 − 푑 )퐶 휈 퐶 0

휈 퐶 (1 − 푑 )퐶 0
0 0 2(1− 푑 )퐺

휀
휀
√2휀

 
(5) 

Thermodynamic forces associated with internal variable 푑  are defined as following: 

푌 = −
휕푊
휕푑

⟹ 

푌 =
1
2
퐶 (휀 ) ; 푌 =

1
2
퐶 (휀 ) ; 푌 =

1
2
퐺 (2휀 )  

(6) 
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These associated thermodynamic forces characterize the damage propagation. The state of damage can 
only grow [3, 8] and therefore, the threshold of undamaged zone is defined as a maximal 
thermodynamic force for all previous time (휏) up to the current time (푡) [9]: 

푌 = 푠푢푝 푌 (푡) , {푖, 푗 = 1,2} (7) 

The damage variables 푑 , {푖, 푗 = 1,2} represent a loss of material stiffness in different orthotropic 
directions. In shear, the damage variable is defined from the shear modulus diminution during 
experiment: 

푑 = 1 −
퐺
퐺

 (8) 

where 퐺  is the current shear modulus associated to each unloading-loading.  
 
Damage evaluation law is chosen as the best approximation of experimental data. Different types of 
functions can be used such as linear, polynomial, logarithmic or Heaviside functions.  
 
The experimental data shows irreversible strains appearance mainly in shear [4-6]. Thus, plastic flow 
is considered to be blocked in fiber directions:  

휀 = 휀 = 0 ; 휀 ≠ 0 (9) 

The damage and plasticity coupling is made using the effective stress notation (Eq. 10). 

휎 =
휎

(1 − 푑 )
 (10) 

The isotropic strain hardening is assumed. The elastic domain is defined by the yield function 푓:  

푓 =
|휎 |

(1 − 푑 )
− 푅(푝) − 푅  (11) 

where 푅  is a yield stress and the function 푅(푝) is a material characteristic function of the cumulative 
plastic strain 푝. Generally, the hardening function 푅(푝) is approximated by a power law:  

푅 = 훽푝 	with	푝 = (1 − 푑 )푑휀  (12) 

where β and k are material parameters identified from the experimental data.  
 
When taken into account that in fiber directions the plastic flow is blocked and that the material 
damage occurs instantly, the dissipated material energy during the loading Φ  is deduced from the 
Clausius-Duhem inequality (Eq.3) as following: 

훷 = 2휎 휀̇ − 푅푝̇ + 푌 푑̇ ≥ 0 (13) 

 
 
3.2.  Behavior modelling during unloading path. Fractional law 
 
The hysteresis loops are associated with viscoelastic properties of composite’s matrix. Hysteresis is a 
hereditary phenomenon, i.e. the previous loading history has to be taken into account. To model this 
viscoelastic behavior, fractional derivatives are introduced in the constitutive equation. The Riemann-
Liouville fractional derivative [10] is defined as following: 

퐷 푓(푥) =
1

훤(1− 훼)
푑
푑푥

푓(푡)
(푥 − 푡)

푑푡, 0 < 훼 < 1	 (14) 
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where 퐷  is a fractional derivative of order 훼 and 훤 is the Gamma-function defined by: 

훤(푧) = 푒 푥 푑푥, 푧 ∈ ℝ∗ 	 (15) 

We consider that during unloading path, the plastic strain stays constant and the elastic strain is a 
linear function of time. The observed non-linear strain in the hysteresis loop (Fig.3) is expressed by 
the fractional constitutive law as following: 

휀 = 퐴 + 퐵퐷 2휀 (푡)  (16) 

where 휀  is the elastic strain determined by the elastoplastic damaged model, 퐷  is the Riemann-
Liouville fractional derivative (Eq.13) and 퐴, 퐵 and 훼 are fractional model parameters. 
 
 

 
 

Figure 3. Total strain composition 
 
 
As the plastic flow stays constant, the stress is expressed by the elastic law: 

휎 (푡) = 퐺 (1 − 푑 )	휀 (푡) (17) 

By substitution the Eq.15 in the Eq.16, we obtain the constitutive law to represent hysteresis loop:  

휎 (푡) = 퐺 (1− 푑 )퐴 + 2퐺 퐷 휀 (푡) (18) 

with 퐺 = 퐺 (1− 푑 )퐵. 
 
Using the developed model and the Clausius-Duhem inequality (Eq.3) it is possible to calculate the 
dissipated energy due to the viscoelastic effects. In respect to the developed model, the damage 
propagation and the plastic flow stay constant during unloading: 휀̇ = 0 and 푑̇ = 0 and the total 
strain coincides with the viscoelastic strain (휀 = 휀 ) expressed by the Eq.16. So, the dissipated 
energy during unloading-loading path, which is the cause for the material self-heating, is defined such 
as: 

 훷 = 휎 휀̇  (19) 

On the other hand, the dissipated energy is equal to the area of hysteresis loop, thus: 

훷 = 휎 푑휀  (20) 

The last expression allows us to control the computation of the dissipated energy and the material self-
heating by the collaborative model. 
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3.3.  Collaboration of two sub-models 
 
The collaboration between the two sub-models is performed automatically, depending on the sign of 
the yield function (Eq.10) and its derivative. If 푓 = 0 and 푓̇ = 0, the elastoplastic damage model is 
used. During unloading if 푓 < 0 or 푓 = 0 and 푓̇ < 0 and during reloading if 푓 < 0 or 푓 = 0 and 
푓̇ > 0, we consider that the damage and plastic strain stay constant, and thus we switch to the 
fractional derivative model. 
 
 
4. Results 
 
The collaborative model is used to represent the behavior of the carbon/epoxy composite during the 
cyclic loading and to calculate the dissipated energy. The identification of material parameters has 
been made. The damage variable 푑  is a linear function of the thermodynamic associated force 푌 . 
The hardening function 푅 is the power function of the cumulated plastic strain 푝. The fractional model 
parameters 퐴, 퐵 and 훼 are the linear functions of the damage internal variable 푑 . The resulting curve 
is presenting in the Fig. 4. 
 
 

 
 

Figure 4. Experimental and numerical behavior comparison in shear for the carbon/epoxy composite 
 
 

Now, the dissipated energy can be calculated by the Eq.13 and Eq.19. The dissipations due to 
elastoplastic damage behavior during loading path (Eq.13) and due to the viscoelastic behavior during 
unloading (Eq.19) are compared in the Fig. 5. From the obtained results we can conclude, that the 
dissipation associated with damage propagation and plastic flow appears instantly and does not vary 
during loading process. It means that the system of cracks appears in the matrix in the beginning of the 
loading and stays constant up to the rapture. The dissipation due to the elastoplastic damaged behavior 
is significantly smaller than the dissipation due to the viscoelastic response during unloading. So, the 
viscoelastic effects are dominant in the material self-heating. Moreover, the dissipation associated with 
the viscoelasticity effects modelling (Eq.20) is compared with the area of hysteresis loops (Eq.19) 
determined from the experimental data and the numerical simulation. Thus, the collaborative model is 
able to predict precisely the area of hysteresis loops. On the other hand, the dissipation defined by the 
proposed model (Eq.19) is overestimated due to hypothesis that all internal energy is turned into a 
heat. In the reality, some of this energy is absorbed by the material to ensure damage propagation due 
to fatigue. 
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Figure 5. Dissipation comparison  
 
 
When the internal heat source 푆 is calculated, the thermodynamic problem (Eq.1) can be resolved to 
model the self-heating method. The self-heating curve (Fig. 6) represents the evolution of the 
stabilized average temperature of the specimen as a function of the applied maximum stress. The 
fatigue limit corresponds to the intersection point of the tangent line to the temperature curve with the 
σmax-axis and equal to 27.1 MPa. The results are in good agreement with experimental data [11].  
 
 

 
 

Figure 6. Simulation of the self-heating test for carbon/epoxy woven composite  
 
 
5. Conclusions 
 
In this paper, the simple method to predict the fatigue limit is presented on the example of the 
carbon/epoxy composite material. This method is based on the material self-heating. The 
thermodynamic stationary problem is resolved to determine the stabilized average temperature of the 
specimen. The value of the intrinsic energy dissipation, which leads to the material self-heating, has 
been modeled by the collaborative model. This model is able to represent elastoplastic damage 
behavior as well as the hysteresis loops which are associated with the viscoelastic behavior of the 
polymer matrix. The model is composed of two sub-models. The first one deals with the elastoplastic 
damaged behavior during loading path. The second sub-model is applied during unloading to represent 
hysteresis loops using the fractional derivative approach. The dissipated energy has been easily 
calculated by the collaborative model using the thermodynamic irreversible theory. From the obtained 
results we have noticed, that viscoelastic material properties (i.e. hysteresis loops) have the dominating 
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effects on the material self-heating. The fatigue limit has been predicted successfully using the model 
since the obtained results are in good agreement with the experimental data.  
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