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Abstract
The aim of the developed methodology is to lead the choice of the structure designer optimizing the
cost of development and ensuring a high level of confidence. The study deals with sensitivity analysis
combined to uncertainty study in order to identify relevant combinations of analytical models and exper-
imental testing to minimize uncertainty on the value of the specification requirement. The methodology
was implemented for the case of a sandwich bending beam. Further analysis should be made in order to
apply the methodology to more complex structures.

1. Introduction

The design of a structure is clearly linked to the confidence in the design choices that are made. These
choices are often based on experimental and predictive analysis performed to characterize the studied
structure by a complete or partial definition of the properties at each scale. The objective of this study
is to purpose a methodology that lead the choice of the designer optimizing the cost of the experimental
and predictive developments and ensuring a high level of confidence. The structure properties and the
associated level of confidence at each scale could be mastered by a better understanding of uncertainties
due to manufacturing process, experimental testing and numerical modeling. Indeed, uncertainty analysis
is a relevant part in the design of composite material structures. Several authors treated this subject
applying different statistical and computational methods to determinate the variation of the response due
to errors on input parameters [1, 2]. Moreover, this analysis is often combined to sensitivity analysis
at each scale of the structure to map the influence of low-scale parameters variations over properties
located at a more complex level of the structure. For example, the study of Conceição et al. [1] is
based on a first-order uncertainty and sensitivity analysis to study the variation of critical Tsai number
and critical displacement for a cylindrical shell when the angle and elastic properties of plies vary. In
their work, Noor et al. [2], use a sensitivity analysis to identify the main parameters in a multi-scale
modeling of panels with cylindrical skins and T-shaped stiffeners. The sensitivity analysis coupled to
uncertainty analysis allows to identify the main properties according to the specification requirements
and the associated level of improvement it is possible to reach in the determination of those properties.

Ernesto C. Rodrı́guez Pila, Claire Guillebaud and Hervé Wargnier
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2. Uncertainty and sensitivity analysis

2.1. Sensitivity analysis

For a given model, the sensitivity analysis is performed to classify the input variables according to the in-
fluence on the output parameters. Different methods achieve a sensitivity analysis and they are separated
into local and global methods. Local methods are limited to small variations around the nominal value of
input variables and consider linearity hypothesis. These methods provide the first-order sensitivity, the
influence on output parameters of interactions between the input parameters is neglected [1]. In order to
examine a larger range of values of input parameters, global methods can be used [3]. These approaches
are more robust [3] and give the designer more information about the behavior of the response consider-
ing the effects of interactions between input parameters. In this study, Sobol method was used in order
to perform the sensitivity analysis [4]. This method [3] uses the variance decomposition principle to
analyze the variance of the model depending on the variation of one or more input variables. The total
variance of the characteristic function of the model is constructed thanks to variances specific to each
input parameter. Sobol sensitivity indexes are calculated by the ratio between the variance of the char-
acteristic function when one or several input parameters vary and the total variance of the characteristic
function.

2.2. Uncertainty propagation

The uncertainty propagation is used in order to define the range of values of an output variable according
to the different range of values of input parameters. Considering a multi-scale model, represented by a
characteristic function f , using properties from a low scale of a structure to define those of the upper one.
The function f depends on several input parameters and allow the determination of an output variable.
Each input parameter is characterized by a nominal value and a range of values. In this study, in order
to define the range of values of the input parameters, sampling methods like Monte-Carlo or Latin-
hyper cube were performed [3]. The output variable of the model was expressed as a Taylor expansion
depending on the variation of the input parameters and the function evaluated at the nominal values [4].
Standard uncertainty of the output variable is assimilated to the standard deviation σ =

√
var( f ). If input

variables are not correlated, the calculation of the standard uncertainty is simplified as shown in the work
of Cacuci [4]. In this study, the form Y = y±U was used. The term U is known as expanded uncertainty
and it is calculated depending on the chosen level of confidence associated to the result. The level of
confidence of 95 percent was required in this study, then a coverage factor of 2 was used (U = 2 ∗σ) [5].

3. Results and discussion

3.1. Developed methodology

The aim of this methodology is to lead the designer in its choices ensuring a high level of confidence and
a low level of cost. In this study the idea of confidence is directly linked to uncertainties on specification
requirements. The cost refers to the complexity of the numerical or experimental models used (number
of parameters, type of parameters). Then, two new objectives are added to the specification of the
product: minimize uncertainties on specification requirements and minimize the cost of the study. These
objectives lead us to consider constraints as uncertainties on specification requirements. The building of
this methodology was based on the definition of the macroscopic structure into different scales. Each
scale was characterized by different properties related to the product requirements. The structure of the
methodology was based on the principle that at each scale, the determination of the nominal value of
properties can be performed by experimental testing or analytical or FEM models. We called ”embedded
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path” an entity which describes for each scale the used model (experimental, FEM or analytical) to
determine the nominal value of the parameters. Each embedded path crossed one or several scales of the
structure to determine the uncertainty on the nominal value of product specifications thanks to models
(experimental, FEM or analytical), input variables and their range of values. Each path can be related
to specific level of confidence and to a path cost. The complexity of the structure increase the number
of possible paths that can be identified. In order to lead the designer in its choices, sensitivity analysis
is performed to identify relevant paths which could lead to reduce the cost of the study ensuring a high
level of confidence.

3.2. Studied case

In a first case, the methodology was built from specification requirements defining a sandwich beam
with a minimum bending stiffness of 1.8 · 106 N/m obtained by 3-points bending (Fig. 1) with a maximal
uncertainty of 15 percent. The proposed structure is composed by AS4/3501 carbon/epoxy skins with
a stacking sequence [02,+45,−45, 90]s and an Airex C70-200 foam core. The hypothesis of thin skins
was used in this work. The Figure 1 shows the sandwich structure submitted to 3-points bending where
e is the thickness of the skins, h is the thickness of the core, and L and b are respectively the length and
the width of the structure.

Figure 1. Studied case of a bending sandwich beam.

In order to develop the methodology, the first step consisted in an identification of the properties involved
to satisfy the specifications at each scale of the studied structure. The determination of these properties
can be performed by experimental testing or thanks to analytical models. Then, in this study, different
models able to characterize the properties at different scales were defined. The total stiffness of the
beam kt was calculated using the principle of equivalent compliance of parallel springs representing
the flexural stiffness k f and the shear stiffness kc. The analytical calculation of the bending stiffness
of the beam deals with homogenized properties of the skins [6, 7]. First, the flexural rigidity (EI) was
calculated thanks to the second moment of area (Ip and Ia) defined respectively for the skins and the
core and the Young’s moduli of laminates (Ep) and core (Ea). The shear rigidity (GS ) depends on both
components cross-section (S p and S a) defined respectively for the skins and the core and transverse
shear moduli of laminate (Gp) and core (Ga). At laminate level, the stiffness matrix was calculated using
the first-order shear deformation theory (FSDT) [8]. In our case, symmetric laminates were used and an
homogenization was done with the method showed in the work of Enie et al. [9] to calculate longitudinal
Young’s modulus and transverse shear modulus of the laminate. To determinate unidirectional plies
properties, models developed by Hahn [10] and Chamis [11] were used. In the same way, different
experimental data were used to determine the different properties of the defined scales. The fibers,
matrix and unidirectional plies properties were taken from the works of Sun et al. [12] and Ahmad
[13] and they are shown in (Table 1) and (Table 2) respectively. Foam core properties (Table 3) were
obtained in specifications sheets [14]. These experimental data were associated to a range of values, in
his work, Chamis [15] describes the range of variation of all used elastic properties, fiber volume ratio
V f and ply thickness ep (Table 4). In this study, it was assumed a range of variation of 1 percent on the
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structure length (L) and width (b) and 2 percent on the thickness of the core (h). Figure 2 summarizes
the mechanical and geometrical properties involved to satisfy requirement at each scale.

Table 1. AS4 carbon fibers and 3501 epoxy resin properties [12].

Component EL ET GLT νLT

(GPa) (GPa) (GPa)

AS4 235 14 28 0.2
3501 4.8 4.8 1.86 0.34

Table 2. Unidirectional AS4-3501 properties [12, 13].

EL ET GLT GTT ′ νLT V f e
(GPa) (GPa) (GPa) (GPa) (mm)

AS4-3501 142 10.3 7.6 3.8 0.3 0.6 0.142

Table 3. C70-200 foam core properties [14].

E ν G h
(MPa) (MPa) (mm)

C70-200 175 0.2 75 30

Table 4. Range of values of geometrical and mechanical parameters.

Elastic properties V f ep L and b h θ (stdv)

8% 8% 5% 1% 2% 0.9◦

Figure 2. Mechanical and geometrical properties at each scale of the sandwich beam.

Different embedded paths can be identified from the different properties showed in (Fig. 2) depending on
the range of values of the properties and the used model (analytical or experimental). For each embedded
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path, experimental values will be denoted with a superscript e and analytical values with a superscript a.
For example, path 1 is showed in (Fig. 3) and in our case is one possible way to calculate the bending
stiffness of the beam using only analytical models from the scale of the components.

Figure 3. Path 1 to obtain beam stiffness using mechanical properties of the components determined
thanks to experimental values (superscript e) or analytical values ( superscript a).

This study leaned on sensitivity analysis thanks to Sobol method to determine relevant embedded paths.
For that, the main properties involved in the calculation of bending stiffness of the sandwich beam were
identified. The (Fig. 4) shows the sensitivity analysis of path 1 at the scales of the beam (c), of the
laminate (b) and of the plies (a). For each map, input variables are on the y-axis and output parameters
on the x-axis.

Figure 4. Sensitivity analysis of path 1 on (a) plies, (b) laminates and (c) sandwich properties.

The values of sensitivity of the parameters are restricted from 0 to 1, the value 1 corresponds to the value
which have the most important effect on the output parameter. The Figure 4 shows that the fibers volume
ratio (V f ) is a key parameter for ply elastic properties. At laminate scale, homogenized Young’s modulus
depends strongly on unidirectional ply Young’s modulus. Both longitudinal and transverse shear moduli
of plies have effect on transverse shear modulus of laminate. The effect of the variations in geometry and
orientation angles is smaller considering their low range of values. At the last scale, there is a stronger
influence of laminate Young’s modulus and a not negligible effect on transverse shear modulus on the
total stiffness of the beam. Once again, at this scale, geometry variations are less significant considering
their smaller range of values. The sensitivity analysis identifies, at the ply scale, three main properties
responsible to the major part of the uncertainty on the bending stiffness of the sandwich which are lon-
gitudinal Young’s modulus of the ply (EL), transverse shear modulus of the ply (GTT ′) and longitudinal
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shear modulus of the ply (GLT ). The result of the propagation analysis is showed in (Fig. 5) for the path
1.

Figure 5. Expanded uncertainty of properties used at ply (a), laminate (b) and sandwich scale (c).

At the scale of the ply (Fig. 5,a), uncertainty on component properties and geometrical properties lead to
an uncertainty of 12.8 percent on longitudinal Young’s modulus of the ply, 15.5 percent on longitudinal
shear modulus and 15.2 percent on transverse shear modulus. At the scale of the laminate (Fig. 5,b), the
uncertainty on ply properties and geometrical properties lead to an uncertainty of 13.5 percent on lon-
gitudinal Young’s modulus and 24.3 percent on transverse shear modulus. At the sandwich beam scale
(Fig. 5,c), uncertainties on laminates and core lead to an uncertainty of 20.7 percent on flexural stiffness,
25.1 percent on shear stiffness and 17 percent on total sandwich beam stiffness. The uncertainty analy-
sis gives information about the started uncertainty on the key parameters responsible of the uncertainty
on the sandwich beam stiffness. Then, improvement on these uncertainties were obtained by chang-
ing the analytical model or performing experimental testing. Sensitivity analysis demonstrate that the
sandwich flexural stiffness depends on laminate longitudinal Young’ modulus which depends on longitu-
dinal Young’s modulus of the ply (Fig. 5,a). Moreover, the sandwich shear stiffness depends on laminate
transversal shear modulus which is mainly linked to transverse shear modulus (GTT ′) and longitudinal
shear modulus (GLT ) of the ply. In this study, five different paths were identified to improve the results
of the path 1. These paths are focused on longitudinal Young’s modulus EL, transverse shear modulus
(GTT ′) and longitudinal shear modulus (GLT ) of the ply. The path (2) was obtained from the path (1)
in which longitudinal Young’s modulus of the ply (EL) and its associated uncertainty were obtained by
experimental testing (Table 2). The path (3) was obtained from the path (1) in which longitudinal shear
modulus of the ply (GLT ) and its associated uncertainty were obtained by experimental testing (Table 2).
The path (4) was obtained from the path (1) in which transverse modulus of the ply (GTT ′) and its as-
sociated uncertainty were obtained by experimental testing (Table 2). The path (5) was obtained from
the path (1) in which the last three mentioned properties of the ply and their associated uncertainties
were obtained by experimental testing (Table 2). Moreover, path (6) was used to demonstrate that the
improvement of the uncertainty on a non-key parameter (with a small effect on the final result) is not
relevant. This path was obtained from the path (1) in which transversal Young’s modulus of the ply (ET )
and its associated uncertainty were obtained by experimental testing (Table 2). The results of uncertainty
improvement of path 1 are shown in (Fig. 6) and expanded uncertainties of the total stiffness of the beam
are shown in (Table 5) as a function of the used path.

Table 5. Expanded uncertainty of sandwich beam stiffness as a function of the chosen path.

Path 1 2 3 4 5 6

Sandwich total stiffness expanded uncertainty(%) 17 14.5 16.7 15.9 12.7 17
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Figure 6. Evaluation of the expanded uncertainty of total sandwich stiffness versus study cost depending
of the chosen path.

The Figure 6 shows that a lower uncertainty (8 percent versus 9.5 percent) on transversal Young’s mod-
ulus of ply (path 6) does not change the result of total uncertainty of sandwich beam stiffness. However,
decreasing the variation of longitudinal Young’s modulus of the ply, for example from 12.8 percent to
8 percent through experimental testing (path 2), gives a reduction of 3 percent on the uncertainty of the
sandwich beam total stiffness. The smallest value of uncertainty on the sandwich beam stiffness was ob-
tained thanks to path 5 which was built from experimental testing at the scale of the ply. In order to take
into account the cost of the study, a first evaluation of the cost was based on the complexity of the test.
Then Figure 7 shows the study cost versus sandwich beam bending stiffness uncertainty as a function of
the used path.

Figure 7. Evaluation of the expanded uncertainty on total sandwich beam stiffness versus study cost.

Only paths 2 and 5 respect the fixed constraint on beam stiffness uncertainty. If the designer can afford a
high cost solution, path 5 could be suitable, but path 2 could be used in order to minimize the cost and
ensuring the satisfaction of the constraints.
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4. Conclusion

In this study, the developed methodology allow us to identify the most significant parameters according
to the uncertainty of a fixed constraint. This analysis coupled to uncertainty study enabled to highlight
relevant combinations of analytical models and experimental testing to minimize uncertainty. In future
work, the methodology will be able to have a larger choice of analytical and FEM models and experi-
mental testing. This database will allow us to explore a larger space of paths that can lead the designer to
minimize both uncertainty and cost of the study. A qualification model procedure will be made to define
accurately the study cost.
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