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Abstract 
In order to improve the resistance to delamination, a carbon nanotube (CNT) reinforced resin can be 
added, as a glue, to bond the layers, thus enhancing significantly the shear strength. The mechanical 
performance of the CNTs increases the resistance and the elastic moduli of the resin. In order to 
evaluate the enhanced mechanical properties following the addition of CNTs, a multiscale approach 
based on Finite Element Method (FEM) is carried-out. The proposed simulations will take into 
account parameters such as the volume fraction, the chirality and the orientation of CNTs. The 
mechanical properties deduced from this multiscale approach will allow determining the properties of 
a new bonding layer that would be considered in macroscopic models. 
 
1. Introduction 
 
The improvement of mechanical properties of polymers through the addition of Carbon nanotubes  
(CNTs) was studied recently using FEM analysis [1]–[5]. CNTs are known for their very high 
mechanical properties [6], [7]. Their tensile modulus is around 1 TPa (five times that of steel) and the 
covalent bonding between its atoms result in a high tensile strength (around 20 GPa [8]). Adding a 
small amount (weight fraction usually between 0.4% and 1%) of these nanotubes to a polymer matrix 
improves significantly its mechanical properties [9], [10]. 
In the present work, a FEM model of a CNT reinforced polymer is implemented. This model 
represents a first step study towards a multiscale approach to evaluate the properties of reinforced 
polymeric structures. It is worthwhile to note that the size of the CNTs that are industrially used is of a 
few tens of nanometers, the used FEM models are practical to handle nanotubes of these sizes and 
their interactions with the matrix (complex molecular structure). 
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CNTs are modelled using a molecular mechanics approach [11]–[13], which allows handling in the 
same simulation the CNT (defined at the atomic scale [14]–[16]), the polymer matrix (as a continuous 
medium) and the interface (as a continuous layer with the effective behavior of van der Waals forces 
[17], [18]). 
The effect of the reinforcement on the elastic properties of a nano-composite will be evaluated. As we 
can expect, for a tensile (or compression) test, the reinforcement is optimal if the CNT is parallel to the 
load. However, the shear modulus at a macroscale may not be significantly improved in the domain of 
elasticity. An elastoplastic model is proposed to point out the benefit of adding the CNT in shear tests. 
 
2. Homogenization Problem 
 
To study the reinforcing effect of a CNT, a FEM model is established where the covalent bonds of the 
nanotubes are modeled by beam elements, the polymer as a continuous field and the interface as a 
continuous layer that has the cohesive effective properties of van der Waals forces. 
CNT weight fraction of fw = 1% is routinely reported in the bibliography [19]–[22] and will be 
considered for all following simulations. The matrix volume will depend on its density and the number 
of atoms in the CNT: 

𝑉mat = (
1
𝑓𝑤

− 1)
𝑛C𝑀C

𝜌mat
 (1) 

where Vmat is the volume of the matrix in the RVE, nC is the number of carbon atoms in the CNT, MC 
is the mass of one carbon atom and ρmat is the density of the matrix. 
 
2.1. Nanotubes 
 
The CNTs are simulated by a finite element lattice, where the C–C covalent bonds are represented by 
cylindrical beams of length, L, and radius, r, so that: 

𝐸𝐴
𝐿

= 𝑘𝑟 ,
𝐸𝐼
𝐿

= 𝑘𝜃 ,
𝐺𝐽
𝐿

= 𝑘𝜏 (2) 

E and G being the Young's and shear moduli of the beam, A = πr2 its section area, I = πr4

4
 its second 

moment and J = πr4

2
 its polar moment. kr, kθ and kτ are the bond force constants of stretching, 

bending and torsional resistance calculated from the potential functions of molecular mechanics [23].  
 

 
Figure 1.Analogy between atomic interactions and molecular mechanics. 
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The expression of these potentials is recalled in [6], [10], [12], [24]. These equations translate an 
analogy between the molecular interactions and the beam theory (Figure 1) [12], [13]. The properties 
of the representative circular beam are: 

𝑟 = 4√
𝑘𝜃

𝑘𝑟
, 𝐸 =

𝑘𝑟
2𝐿

4𝜋𝑘𝜃
, 𝐺 =

𝑘𝑟
2𝑘𝜏𝐿

8𝜋𝑘𝜃
2  (3) 

L = 0.1421 nm is the length of the covalent bond C–C [23]. As for bond force constants, different 
values were assumed in the literature. A discussion was presented by Lu and Hu [16] about these 
parameters, which values can impact the results. The direct application of  Equations (3) yield in some 
cases a Poisson's ratio greater than 0.5 [15], [25], [26]. In this paper, the approach of Lu and Hu [16] 
for choosing Poisson's ratio (based on the work of Scarpa and Adhikari [27]) will be adopted: kr =
786 nN/nm, kθ = 0.901 nN nm/rad2 and ν = 0.0344. So, the Young's modulus of the beam 
elements is E = 7753 GPa and the section radius is r = 0.0677 nm. 
Beam diameter is not necessarily related to the thickness of CNTs, as it is assumed in the approach of 
Scarpa and Adhikari [27]. To calculate the Young's modulus Ecnt, we consider that the CNT has the 
same thickness of a graphene sheet, t = 0.34 nm [13], [16]: 

𝐸cnt =
𝐹

𝜋 (𝑅cnt + 𝑡
2
)
2
− 𝜋 (𝑅cnt − 𝑡

2
)
2

𝐿cnt

Δ𝐿cnt
 (4) 

F being the tensile force applied to a CNT and ΔLcnt/Lcnt the elastic strain of the nanotube. With the 
set of parameters presented above, a Young modulus Ecnt around 1.18 TPa is found. 
 
2.2. Interface 
 
CNT is assumed linked to the matrix only by van der Waals forces. These forces are accounted for by 
considering an average behavior of all interactions between a CNT and the matrix. Jiang and al. [17] 
calculated a cohesive behavior of the interface, based on the densities of interacting particles and the 
potential constants: 

𝜎coh = 2𝜋𝜌𝑝𝜌𝑐𝜀𝜎2 [
𝜎4

(ℎ + 𝑣)4 −
2𝜎10

5(ℎ + 𝑣)10] (5) 

Equation (5) gives the relation between the tensile cohesive stress 𝜎coh and the opening v. It takes into 
account the volume density, 𝜌𝑝, of the polymer interacting atoms, the surface density of the CNT 
carbon atoms, 𝜌𝑐, and the Lennard–Jones 6–12 potential constants ε (bond energy at the equilibrium 
distance) and 𝜎 (related to the equilibrium distance between the atoms). 

The equilibrium distance between the CNT and the polymer is ℎ = (2
5
)

1
6 𝜎. It corresponds to the 

minimum potential from which the tensile stress is derived. Under the hypothesis of small strain, we 
can use the dominant parts of the Taylor expansion of σcoh. The slope of the curve hσcoh around 0 
corresponds to the Young's modulus of the interface layer: 

𝐸int = 30 (
2
5
)

1
3
𝜋𝜌𝑝𝜌𝑐𝜀𝜎2 (6) 

For our numerical applications, we adopt the same as those mentioned by Jiang and al. [17], 𝜎 =
0.3825 nm and 𝜀 = 7.462 × 10−4 nN ⋅ nm, 𝜌𝑐 = 4

3√3L2 = 38.1 nm−2 and 𝜌𝑝 = 31.0 nm−3. 

The cohesive law calculated for the shear depends on the sliding displacement, the opening and the 
length of the CNT. It does not vanish even though there is no sliding, but its value is much smaller 
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than the cohesive tensile stress. To account for the shear in the following simulations, a Poisson's ratio 
equal to that of the polymer is considered. 
 
2.3. Polymer and RVE 
 
The polymer is modeled as a continuous soft isotropic material. Its elastic properties are: Emat =
3.66 nN/nm2, νmat = 0.358 and the yield stress is 0.026 nN/nm2 [28].  

  
Figure 2. Geometry and an example of the mesh used in the finite element 

simulations. 
 
For the following simulations, we consider that the CNT is completely embedded inside the matrix 
and that all the boundary conditions are applied on its outside border. 
 
3. Results 
 
3.1. Macroscopic stiffness of the reinforced polymer 
 
In order to calculate the stiffness tensor of the reinforced epoxy, a FEM model of a cuboid RVE has 
been used (Figure 4.a). A displacement u, compatible with a macroscopic strain E, is imposed on the 
border of the RVE: u = E. x, where x is the coordinate of the points of the boundary. In order to obtain 
the macroscopic stiffness tensor, a tension (E = ei ⊗ ei, i ∈ {1,2,3}) and a pure shear (E =
ei ⊗s ej, i, j ∈ {1,2,3}, i ≠ j) are applied on the boundary. 
 

 
Figure 3. RVE used to calculate the stiffness tensor. 
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The macroscopic stiffness tensor ℂ (the Voigt notation is used) is as follows: 

ℂ =

[
 
 
 
 
 
 
 
 
 
 
 
 
 

1
𝐸1

−
𝜈12

𝐸1
−

𝜈13

𝐸1
0 0 0

−
𝜈12

𝐸1

1
𝐸1

−
𝜈13

𝐸1
0 0 0

−
𝜈13

𝐸1
−

𝜈13

𝐸1

1
𝐸3

0 0 0

0 0 0
1

2𝐺13
0 0

0 0 0 0
1

2𝐺13
0

0 0 0 0 0
1 + 𝜈12

𝐸1 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
−1

=

[
 
 
 
 
 
6.15 3.43 3.41 0 0 0
3.43 6.15 3.41 0 0 0
3.41 3.41 10.47 0 0 0
0 0 0 2.73 0 0
0 0 0 0 2.73 0
0 0 0 0 0 2.73]

 
 
 
 
 

 (7) 

The obtained stiffness corresponds to a transversely isotropic material (the volume average of the 
stress and strain fields is calculated from the boundary using the divergence theorem). The 
macroscopic elastic parameters of the composite are presented in the Table 1: 
 

Table 1.  Comparison of the elastic properties between the reinforced and 
pure polymer matrix. 

 

 
𝐸1 

(GPa) 
𝐸3  

(GPa) 
𝜈12 𝜈13 

𝐺13 

(GPa) 
𝐺12 

(GPa) 
Nano-Composite  3.98 8.04 0.46 0.18 1.36 1.36 

Net Polymer Matrix 3.66 3.66 0.36 0.36 1.35 1.35 
% of Increase 1.09 2.19 - - 1.01 1.01 

 
As expected, the Young's modulus in the direction of the CNT is doubled with only 1% of weight 
fraction. However, shear properties remain close to those of the matrix. 
 
3.2. Shear test 
 
Figure 4 is emphasizing the way the shear calculations have been conducted. The bond layer is 
stiffened by CNTs and a single CNT that can be oriented from 0° to 90° is considered in a nano-cell 
that is loaded under shear (Figure 5). 

 
Figure 4. Schematic of bonding layer reinforced with CNTs experiencing 

shear stress. 
 

CFRP plies 

Bonding layer 
stiffened by CNTs 

Shear stress 
Shear stress 

𝛼 
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In order to evaluate the effect of CNTs in the bonding layer, we consider a cuboidal domain of 
polymer containing a CNT, under a shear loading. Three parts are defined in this cuboid based on the 
boundary conditions: an upper and a lower domains of the same size, separated by a thin layer (which 
thickness is 10% the height of the domain). The upper and lower domains are considered as if they 
were inside infinitely rigid nano-grips. The lower part is fixed and a displacement is applied on the 
upper part, subjecting the middle region to shear stress (Figure 5). 

 
 

(a) (b) 
Figure 5. Shear experience: (a) Schematic of the boundary conditions. (b) 

Cross section of a mesh (𝛼 = 30°). 
 
An elastoplastic model is used to account for the nonlinear behavior of the matrix. The orientation of 
the CNT is controlled by the angle α (α = 0°: the CNT is parallel to the shear. α = 90°: the CNT is 
perpendicular to the shear plane). 
Figure 6 shows the resultant force applied on the upper region of the block (normalized by the 
maximum force of the simulation without CNT) as a function of its displacement (normalized by the 
thickness of the area under shear). As known, the net polymer resin breaks in a brittle way. In other 
words, once the shear strength is reached, the net matrix will separate in 2 independent blocks. In the 
case of the RVE representing the bond joint reinforced by the CNT, once shear stress is applied, the 
effect of nano-reinforcement can be observed. Hence, the RVE will deform in a non-linear way. The 
simulations are plotted in Figure 6.a and 6.b, where a comparison has been made between the cases of 
the net resin (its shear strength is considered when the region experiencing shear reaches the yield 
stress) versus the nano-reinforced resin with the CNT that was oriented at various values of 𝛼. 

 
 

(a) (b) 
Figure 6. Resultant force (normalized by the maximal force of the unreinforced polymer) 
as a function of the upper block displacement (normalized by the thickness of the middle 

layer). (a) orientation angles above 10°. (b) orientation angles below 10°. 
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The CNT strengthens the matrix by transferring a part of the applied load from upper to lower region. 
We notice that the strengthening effect is higher when the CNT orientation, 𝛼, of the is around 10°; 
resistance to shear is provided through the C–C covalent bonds. For angles lower than 10°, it seems 
that shear is mostly resisted by van der Waals forces acting at CNT-polymer interface, which explains 
the drop in resistance (Figure 6.b). For higher angles of orientation, another drop in the resistance is 
noticed (Figure 6.a). This can be explained by the fact that the CNT is more efficient while under 
tension than under a pure shear, as shown in the previous calculation. An increase in the shear 
resistance around 20% to 60% is observed, which is important to reduce some delamination issues. 
 
4. Conclusions 
 
Similar to all fiber reinforced composites, the orientation of reinforcements has a great influence on 
the mechanical behavior. A CNT that is perpendicular to the direction of the load yields to minimal 
Young's modulus, close to the one of the net matrix. Generally, many materials and geometrical 
parameters influence the matrix stiffness tensor, which makes it important to use realistic simulations.  
The matrix stiffness tensor that was calculated by FEM shows indeed a very important improvement 
of the longitudinal Young's modulus of the nanocomposite, with an amount of 1% weight-fraction of 
CNTs. 
As the control of CNTs orientation is technically difficult to achieve industrially, the mechanical 
behavior is not optimal in the reality. But the loss of elastic stiffness due to the random dispersion of 
CNTs is out-balanced by the improvement of others resistance mechanisms, such as shear strength, as 
emphasized in the second simulation. 
The FEM model used in this work allows handling CNTs of sizes that are available industrially 
(lengths in the range 40 - 100 nm were used in current simulations) and this is the main point. 
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